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H }iM2bb /Bz2`2MiBHb r2B;?i2/ #v i?2 M2mi`H [mMiBiB2bRyj
TT2`BM; BM i?2 b2H2+iBQM ;`/B2MiX h?Bb #Qi? bB;MB}+MiHv 7+BHBii2b +QM+`2i2 +H+mHiBQMb mM/2` +QK@Ry9
TH2t b+2M`BQb M/ HHQrb 7Q`  #BQHQ;B+H BMi2`T`2iiBQM Q7 b2H2+iBQMX Pm` `2bmHib +QMiBM b2p2`H T`2pBQmbRy8
KQ/2Hb b bT2+BH +b2bXRye
h?2 `2KBM/2` Q7 i?Bb TT2` Bb Q`;MBx2/ b 7QHHQrbX URV q2 bi`i #v /2b+`B#BM;  /2KQ;`T?B+ KQ/2HRyd
7Q`  ?2i2`Q;2M2Qmb ;`QmT@bi`m+im`2/ TQTmHiBQM M/ T`2b2Mi bQK2 #+F;`QmM/ Ki2`BH mM/2`HvBM; i?2Ry3
+?`+i2`BxiBQM Q7 mMBMp/#H2 Uǳ2pQHmiBQM`v bi#H2ǴV bi`i2;B2b #v rv Q7 BMpbBQM }iM2bb 7Q` i?BbRyN
KQ/2HX q2 ?2`2 HbQ BMi`Q/m+2  MQp2H BM/BpB/mH }iM2bb +QM+2Ti Ĝ BM/BpB/mH k@}iM2bb Ĝ /2}M2/ b i?2RRy
2tT2+i2/ MmK#2` Q7 b2iiH2/ QzbT`BM; Q7 M BM/BpB/mH 7Q` r?B+? k − 1 `M/QKHv +?Qb2M M2B;?#Q`b `2RRR
`2HiBp2b UBX2X- K2K#2`b Q7 i?2 bK2 HBM2;2VX h?Bb }iM2bb +QM+2Ti THvb  +2Mi`H `QH2 BM Qm` MHvbBbX UkVRRk
j
bbmKBM; [mMiBiiBp2 b+H` i`Bib- r2 T`2b2Mi }`bi@ M/ b2+QM/@Q`/2` T2`im`#iBQMb Q7 BMpbBQM }iM2bbRRj
UBX2X- i?2 b2H2+iBQM ;`/B2Mi M/ /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi- `2bT2+iBp2HvV- /Bb+mbb i?2B` +QKTQM2MibRR9
M/ i?2 BMi2`T`2iiBQMb i?2`2Q7- M/ }MHHv 2tT`2bb HH [mMiBiB2b BM i2`Kb Q7 BM/BpB/mH k@}iM2bb rBi?RR8
k = 1, 2, 3X UjV q2 T`2b2Mi  ;2M2`B+ HQii2`v KQ/2H mM/2` bTiBH ?2i2`Q;2M2Biv 7Q` #Qi? bQ7i M/ ?`/RRe
b2H2+iBQM `2;BK2b M/ b?Qr i?i i?2 b2H2+iBQM ;`/B2Mi M/ i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi +M #2RRd
+QKTmi2/ 2tTHB+BiHv mM/2` Mv b+2M`BQ 7HHBM; BMiQ i?Bb +Hbb Q7 KQ/2HbX q2 i?2M TTHv i?2b2 `2bmHib iQ RR3
+QM+`2i2 HQ+H /TiiBQM b+2M`BQ r?2`2 r2 /2`Bp2 +QM/BiBQMb 7Q` 2pQHmiBQM`v bi#BHBiv M/ +QMp2`;2M+2RRN
bi#BHBiv Q7 bBM;mH` i`Bi pHm2b- M/ b?Qr i?2B` /2T2M/2M+2 QM KB;`iBQM `i2 M/ ;`QmT bBx2X AM /QBM; bQ-Rky
r2 `2+Qp2` M/ 2ti2M/ T`2pBQmb `2bmHib 7`QK i?2 HBi2`im`2 M/ b?Qr ?Qr Qm` KQ/2H +QMM2+ib b22KBM;HvRkR
/Bz2`2Mi TT`Q+?2bXRkk
k JQ/2HRkj
kXR "BQHQ;B+H bbmKTiBQMbRk9
q2 +QMbB/2`  TQTmHiBQM Q7 ?THQB/ BM/BpB/mHb i?i Bb bm#/BpB/2/ BMiQ BM}MBi2Hv KMv ;`QmTb i?i `2Rk8
+QMM2+i2/ iQ 2+? Qi?2` #v /BbT2`bH UBX2X- i?2 BM}MBi2 BbHM/ KQ/2HVX .BbT2`bH #2ir22M ;`QmTb Kv Q++m`Rke
#v BM/BpB/mHb HQM2 Q` #v ;`QmTb Q7 BM/BpB/mHb b BM T`QT;mH2 /BbT2`bH- #mi Bb Hrvb `M/QK rBi?Rkd
`2bT2+i iQ i?2 /2biBMiBQM ;`QmT X q2 +QMbB/2`  /Bb+`2i2@iBK2 `2T`Q/m+iBp2 T`Q+2bb M/ i?mb /Bb+`2i2Rk3
+2Mbmb bi2TbX i 2+? +2Mbmb- 2+? ;`QmT Bb BM  bii2 s ∈ S rBi? S = {s1, s2, ..., sN} r?2`2 N /2MQi2bRkN
i?2 MmK#2` Q7 TQbbB#H2 bii2bX h?2 bii2 s /2i2`KBM2b i?2 MmK#2` Q7 BM/BpB/mHb BM  ;`QmT M/fQ` MvRjy
2MpB`QMK2MiH 7+iQ` /2i2`KBMBM; i?2 bm`pBpH- `2T`Q/m+iBQM- M/ /BbT2`bH Q7 HH BM/BpB/mHb rBi?BM RjR
;`QmTX 6Q` i?2 bF2 Q7 bBKTHB+Biv- r2 rBHH +QMbB/2` QMHv  }MBi2 MmK#2` Q7 /Bb+`2i2 bii2b BM i?Bb TT2`XRjk
h?2 bii2 s /Q2b MQi M22/ iQ #2  }t2/ T`QT2`iv Q7  ;`QmT #mi +M +?M;2 BM iBK2 M/ #2 z2+i2/Rjj
#v BM/BpB/mH i`Bi pHm2b M/ i?mb #2 /2i2`KBM2/ 2M/Q;2MQmbHvX >Qr2p2`- r2 bbmK2 i?i bm+? bii2Rj9
+?M;2b `2 ;Qp2`M2/ #v  iBK2@?QKQ;2M2Qmb J`FQp +?BM- K2MBM; i?i i?2`2 `2 MQ i2KTQ`H i`2M/bRj8
BM /vMKB+b Q7 i?2 ;`QmT bii2bX q2 /2MQi2 #v ns i?2 }MBi2 MmK#2` Q7 /mHi BM/BpB/mHb BM  ;`QmTRje
BM bii2 s- r?B+? +M i?mb +?M;2 Qp2` iBK2 B7 i?2 ;`QmT bii2 +?M;2bX q2 bbmK2 i?i ;`QmT bBx2 BbRjd
#QmM/2/ b  `2bmHi Q7 /2MbBiv /2T2M/2M+2 +iBM; i i?2 HQ+H b+H2 U?2M+2 i?2`2 Bb M mTT2` #QmM/ QMRj3
;`QmT bBx2VX h?2 /2b+`B#2/ b2i@mT BM+Hm/2b  p`B2iv Q7 +HbbB+H KQ/2HbXRjN
RX Sm`2Hv bTiBHHv bi`m+im`2/ TQTmHiBQMb, h?2 bii2 s Bb B/2MiB+H 7Q` HH ;`QmTb UN = 1V M/ bQ i?2`2R9y
Bb QMHv QM2 ;`QmT bBx2X h?Bb Bb 2bb2MiBHHv i?2 BbHM/ KQ/2H b /2p2HQT2/ #v q`B;?i URN9jV- r?B+?R9R
?b #22M  HQM;@i2`K rQ`F ?Q`b2 7Q` mM/2`biM/BM; i?2 2z2+i Q7 bTiBH bi`m+im`2 QM 2pQHmiBQM`vR9k
/vMKB+b U2X;X 1b?2H- RNdkc "mHK2`- RN3ec _Qmbb2i- kyy9VXR9j
kX aiQ+?biB+ TQTmHiBQM /vMKB+b i i?2 ;`QmT H2p2H, h?2 bii2 s /2i2`KBM2b i?2 MmK#2` Q7 BM/BpB/@R99
mHb BM  ;`QmT- r?B+? +M TQi2MiBHHv p`v BM iBK2 U2X;X J2ix M/ :vHH2M#2`;- kyyRc _Qmbb2i M/R98
_QM+2- kyy9VX h?Bb +b2 +Qp2`b i?2 bBimiBQM BM r?B+? 2+? ;`QmT Bb 2K#2//2/ BM  +QKKmMBivR9e
+QMbBbiBM; Q7 b2p2`H BMi2`+iBM; bT2+B2b M/ r?2`2 i?2 bii2 s /2i2`KBM2b i?2 MmK#2` Q7 BM/BpB/mHbR9d
7Q` 2+? Q7 i?2 Qi?2` bT2+B2b U2X;X *?2bbQM- RN3RVXR93
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jX 1MpB`QMK2MiH ?2i2`Q;2M2Biv, h?2 bii2 s /2i2`KBM2b M bT2+i Q7 i?2 rBi?BM@;`QmT 2MpB`QMK2Mi-R9N
r?B+? z2+ib i?2 bm`pBpH M/fQ` `2T`Q/m+iBQM Q7 Bib ;`QmT K2K#2`bX M 2tKTH2 Bb ?2i2`Q;2M2BivR8y
BM Ti+? [mHBiv Q` bBx2 U2X;X qBH/ 2i HX- kyyNc JbbQH 2i HX- kyRRc _Q/`B;m2b M/ :`/M2`- kyRkVXR8R
q2 MQi2 i?i BM i?2 HBKBi Q7 BM}MBi2 ;`QmT bBx2 i?Bb +QBM+B/2b rBi? KQ/2Hb Q7 i2KTQ`H M/ bTiBHR8k
?2i2`Q;2M2Biv b `2pB2r2/ BM ap`/H 2i HX UkyR8VXR8j
9X :`QmT bTHBiiBM;, h?Bb Bb  bT2+BH +b2 BM r?B+? KB;`iBQM #2ir22M ;`QmTb Bb BM 7+i #b2Mi #miR89
;`QmTb +M #2 +QMM2+i2/ iQ 2+? Qi?2` B7 i?2v Q`B;BMi2 i?`Qm;? bTHBiiBM; Q7  T`2MiH ;`QmTX h?2R88
bii2 s ;BM /2i2`KBM2b i?2 MmK#2` Q7 /mHib BM  ;`QmTX h?Bb KQ/2H Bb BMbTB`2/ #v +QKT`i@R8e
K2MiHBx2/ `2THB+iBQM BM T`2#BQiB+ 2pQHmiBQM UbiQ+?biB+ +Q``2+iQ` KQ/2H- axi?K`v M/ .2K2i2`-R8d
RN3dc :`2v 2i HX- RNN8VXR83
8X Sm`2Hv T?vbBQHQ;B+HHv bi`m+im`2/ TQTmHiBQM, AM i?2 bT2+BH +b2 rBi? QMHv  bBM;H2 BM/BpB/mH BM R8N
;`QmT- i?2 bii2 s +M #2 iF2M iQ `2T`2b2Mi i?2 T?vbBQHQ;B+H bii2 Q7 M BM/BpB/mH bm+? b ;2 Q`Rey
bBx2 Q` +QK#BMiBQMb i?2`2Q7 U2X;X _QM+2 M/ S`QKBbHQr- kyRyVX AM i?2 bT2+BH +b2 Q7 +QKTH2i2 M/ReR
BM/2T2M/2Mi QzbT`BM; /BbT2`bH UBX2X- MQ ;`QmT /BbT2`bHV #mi `#Bi``v ;`QmT bBx2- i?2 bii2 s +MRek
#2 iF2M iQ `2T`2b2Mi i?2 +QK#BMiBQM Q7 BM/BpB/mH T?vbBQHQ;B+H bii2b Q7 HH K2K#2`b BM  ;`QmTRej
bQ i?i i?2 KQ/2H +Qp2`b rBi?BM ;`QmT ?2i2`Q;2M2BivXRe9
aBM+2 r2 `2 KBMHv BMi2`2bi2/ BM Mim`H b2H2+iBQM /`Bp2M #v `2+m``2Mi BMpbBQMb #v TQbbB#Hv /Bz2`2MiRe8
KmiMib- r2 +M 7Q+mb QM i?2 BMBiBH BMpbBQM Q7  KmiMi HH2H2 BMiQ  KQMQKQ`T?B+ `2bB/2Mi TQTmHiBQMXRee
>2M+2- r2 bbmK2 i?i i Mv iBK2 i KQbi irQ HH2H2b b2;`2;i2 BM i?2 TQTmHiBQM-  KmiMi HH2H2Red
r?Qb2 +``B2`b 2tT`2bb i?2 i`Bi pHm2 x M/  `2bB/2Mi HH2H2 r?Qb2 +``B2`b 2tT`2bb i?2 i`Bi pHm2 yX q2Re3
7m`i?2`KQ`2 bbmK2 i?i i`Bib `2 QM2@/BK2MbBQMH M/ `2H@pHm2/ Ux, y ∈ RVX amTTQb2 i?i BMBiBHHvReN
i?2 TQTmHiBQM Bb KQMQKQ`T?B+ UBX2X- }t2/V 7Q` i?2 `2bB/2Mi HH2H2 y M/  bBM;H2 BM/BpB/mH Kmii2b iQRdy
i`Bi pHm2 xX >Qr /Q r2 b+2`iBM i?2 2tiBM+iBQM Q` bT`2/ Q7 i?2 KmiMi\RdR
kXk JmHiBivT2 #`M+?BM; T`Q+2bb M/ BMpbBQM }iM2bbRdk
aBM+2 Mv KmiMi Bb BMBiBHHv ``2- r2 +M 7Q+mb QM i?2 BMBiBH BMpbBQM Q7 i?2 KmiMi BMiQ i?2 iQiH TQTm@Rdj
HiBQM M/ TT`QtBKi2 Bib /vMKB+b b  /Bb+`2i2@iBK2 KmHiBivT2 #`M+?BM; T`Q+2bb U>``Bb- RNejc E`HBMRd9
M/ hvHQ`- RNd8c qBH/- kyRRVX AM /QBM; bQ- r2 H`;2Hv 7QHHQr i?2 KQ/2H +QMbi`m+iBQM M/ MQiiBQM mb2/Rd8
BM G2?KMM 2i HX UkyReV Ub22 b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH 7Q`  Ki?2KiB+H /2b+`BTiBQMRde
Q7 i?2 biQ+?biB+ T`Q+2bb mM/2`HvBM; Qm` KQ/2HVX AM T`iB+mH`- BM Q`/2` iQ b+2`iBM mMBMp/#BHBiv Q7Rdd
KmiMib BMiQ  TQTmHiBQM Q7 `2bB/2Mib Bi Bb bm{+B2Mi iQ 7Q+mb QM i?2 i`MbBiBQM Ki`Bt A = {a(s′, i′|s, i)}Rd3
r?Qb2 2Mi`v BM TQbBiBQM (s′, i′; s, i)- /2MQi2/ #v a(s′, i′|s, i)- Bb i?2 2tT2+i2/ MmK#2` Q7 ;`QmTb BM bii2 s′RdN
rBi? i′ ≥ 1 KmiMi BM/BpB/mHb i?i /2b+2M/ 7`QK  ;`QmT BM bii2 s rBi? i ≥ 1 KmiMi BM/BpB/mHb Qp2`R3y
QM2 iBK2 bi2T BM  TQTmHiBQM i?i Bb Qi?2`rBb2 KQMQKQ`T?B+ 7Q` yX AM i?2 7QHHQrBM;- r2 `272` iQ  ;`QmTR3R
BM bii2 s rBi? i KmiMib M/ ns − i `2bB/2Mib b M (s, i)@;`QmT 7Q` b?Q`iX h?2 i`MbBiBQM Ki`Bt A Bb R3k
b[m`2 Ki`Bt i?i Bb bbmK2/ iQ #2 T`BKBiBp2 Ur2 MQi2 i?i T`BKBiBpBiv rBHH Q#iBM mM/2` HH KQ/2Hb HBbi2/R3j
BM b2+iBQM kXR #mi Kv #2 BM/m+2/ 7Q` /Bz2`2Mi `2bQMbVX h?mb-  TQbBiBp2 BMi2;2` ℓ UTQbbB#Hv /2T2M/BM;R39
QM x M/ yV 2tBbib bm+? i?i 2p2`v 2Mi`v Q7 Aℓ Uℓi? TQr2` Q7 AV Bb TQbBiBp2X h?2 2Mi`B2b a(s′, i′|s, i)R38
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Q7 i?2 Ki`Bt A ;2M2`HHv /2T2M/ QM #Qi? x M/ y- #mi 7Q` 2b2 Q7 2tTQbBiBQM r2 /Q MQi r`Bi2 i?2b2R3e
`;mK2Mib 2tTHB+BiHv mMH2bb M2+2bb`vX h?2 bK2 +QMp2MiBQM TTHB2b iQ HH Qi?2` p`B#H2b i?i +M BMR3d
T`BM+BTH2 /2T2M/ QM x M/ yXR33
6`QK biM/`/ `2bmHib QM KmHiBivT2 #`M+?BM; T`Q+2bb2b U>``Bb- RNejc E`HBM M/ hvHQ`- RNd8V BiR3N
7QHHQrb i?i  KmiMi x `BbBM; b  bBM;H2 +QTv BM M `#Bi``v ;`QmT Q7 i?2 TQTmHiBQM- BX2X- BM MvRNy
(s, 1)@;`QmT- ;Q2b 2tiBM+i rBi? T`Q##BHBiv QM2 B7 M/ QMHv B7 i?2 H`;2bi 2B;2MpHm2 Q7 A- /2MQi2/ #v ρ- BbRNR
H2bb i?M Q` 2[mH iQ QM2-RNk
ρ ≤ 1, URV
r?2`2 ρ biBb}2bRNj
Au = ρu UkV
M/ r?2`2 u Bb i?2 H2/BM; `B;?i 2B;2Mp2+iQ` Q7 AX q2 `272` iQ ρ b i?2 BMpbBQM }iM2bb Q7 i?2 KmiMiXRN9
A7 2[XURV ?QH/b- i?2M r2 bv i?i y Bb mMBMp/#H2 #v xX hQ #2ii2` mM/2`biM/ r?i /2i2`KBM2b BMpbBQMRN8
}iM2bb- r2 BMi`Q/m+2 i?2 +QM+2Ti Q7 i?2 KmiMi HBM2;2- r?B+? r2 /2}M2 b i?2 +QHH2+iBQM Q7 /2b+2M/MibRNe
Q7 i?2 BMBiBH KmiMi, Bib /B`2+i /2b+2M/Mib UTQbbB#Hv BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV- i?2 /2b+2M/Mib Q7RNd
Bib BKK2/Bi2 /2b+2M/Mib- M/ bQ QMX AMpbBQM }iM2bb i?2M ;Bp2b i?2 2tT2+i2/ MmK#2` Q7 KmiMi +QTB2bRN3
T`Q/m+2/ Qp2` QM2 iBK2 bi2T #v  `M/QKHv bKTH2/ KmiMi 7`QK Bib HBM2;2 BM M Qi?2`rBb2 KQMQKQ`T?B+RNN
`2bB/2Mi TQTmHiBQM i?i ?b `2+?2/ /2KQ;`T?B+ biiBQM`Biv UJmHHQM 2i HX- kyRec G2?KMM 2i HX-kyy
kyReVX h?2 KmiMi biiBQM`v /Bbi`B#miBQM Bb ;Bp2M #v i?2 p2+iQ` u rBi? 2Mi`B2b u(s, i) /2b+`B#BM;-kyR
7i2` MQ`KHBxiBQM- i?2 bvKTiQiB+ T`Q##BHBiv i?i  `M/QKHv bKTH2/ ;`QmT +QMiBMBM; i H2bi QM2kyk
KmiMi Bb BM bii2 s M/ +QMiBMb i ≥ 1 KmiMibX AM Qi?2` rQ`/b- BMpbBQM }iM2bb Bb i?2 2tT2+i2/ MmK#2`kyj
Q7 KmiMi +QTB2b T`Q/m+2/ #v  HBM2;2 K2K#2` `M/QKHv bKTH2/ 7`QK i?2 /Bbi`B#miBQM u Ub22 2[XU\\Vky9
BM i?2 amTTH2K2Mi`v Ji2`BH M/ i?2 2tTHMiBQM i?2`27i2`VXky8
kXj aiiBbiB+H /2b+`BTiBQM Q7 i?2 KmiMi HBM2;2kye
q2 mb2 i?2 Ki`Bt A = {a(s′, i′|s, i)} M/ Bib H2/BM; `B;?i 2B;2Mp2+iQ` u iQ /2`Bp2 b2p2`H [mMiBiB2bkyd
HHQrBM; mb iQ Q#iBM M 2tTHB+Bi `2T`2b2MiiBQM Q7 BMpbBQM }iM2bb- r?B+? rBHH #2 i?2 +Q`2 Q7 Qm` b2MbBiBpBivky3
MHvbBbXkyN
kXjXR bvKTiQiB+ T`Q##BHBiB2b M/ `2Hi2/M2bb Q7 k@BM/BpB/mHbkRy
q2 bi`i #v MQiBM; i?i i?2 bvKTiQiB+ T`Q##BHBiv 7Q`  KmiMi iQ }M/ Bib2H7 BM M (s, i)@;`QmT Bb ;Bp2MkRR
#vkRk
q(s, i) ≡ iu(s, i)∑
s′∈S
∑n
s
′
i′=1 i
′u(s′, i′)
. UjV
6`QK i?Bb- r2 +M +QKTmi2 irQ bii2 T`Q##BHBiB2bX 6B`bi- i?2 bvKTiQiB+ T`Q##BHBiv i?i  `M/QKHvkRj
bKTH2/ KmiMi }M/b Bib2H7 BM  ;`QmT BM bii2 s Bb ;Bp2M #vkR9
q(s) ≡
ns∑
i=1
q(s, i). U9V
e
a2+QM/- i?2 bvKTiQiB+ T`Q##BHBiv i?i- +QM/BiBQMH QM #2BM; bKTH2/ BM  ;`QmT BM bii2 s-  `M/QKHvkR8
bKTH2/ KmiMi }M/b Bib2H7 BM  ;`QmT rBi? i KmiMib Bb ;Bp2M #vkRe
q(i|s) ≡ q(s, i)
q(s)
. U8V
G2i mb 7m`i?2` /2}M2kRd
φk(s, i) ≡


1 (k = 1)
k−1∏
j=1
i− j
ns − j (2 ≤ k ≤ i)
0 (i+ 1 ≤ k ≤ ns),
UeV
r?B+?- 7Q` k > 1- +M #2 BMi2`T`2i2/ b i?2 T`Q##BHBiv i?i- ;Bp2M  KmiMi Bb bKTH2/ 7`QK M (s, i)@kR3
;`QmT- k− 1 `M/QKHv bKTH2/ ;`QmT M2B;?#Q`b rBi?Qmi `2TH+2K2Mi `2 HH KmiMibX h?Bb HHQrb mb iQkRN
/2}M2 i?2 `2Hi2/M2bb #2ir22M k BM/BpB/mHb BM  ;`QmT BM bii2 s bkky
rk(s) ≡
ns∑
i=1
φk(s, i)q(i|s). UdV
h?Bb Bb i?2 T`Q##BHBiv i?i k−1 `M/QKHv bKTH2/ M2B;?#Q`b rBi?Qmi `2TH+2K2Mi Q7  `M/QKHv bKTH2/kkR
KmiMi BM bii2 s `2 HbQ KmiMib UBX2X- i?2v HH /2b+2M/ 7`QK i?2 HBM2;2 7QmM/2`VX 6Q` 2tKTH2-kkk
r2(s) =
ns∑
i=1
i− 1
ns − 1q(i|s) U3V
Bb i?2 bvKTiQiB+ T`Q##BHBiv Q7 bKTHBM;  KmiMi KQM; i?2 M2B;?#Q`b Q7  `M/QK KmiMi BM/BpB/mHkkj
7`QK  ;`QmT BM bii2 s M/ i?mb T`QpB/2b  K2bm`2 Q7 TB`rBb2 `2Hi2/M2bb KQM; ;`QmT K2K#2`bXkk9
GBF2rBb2-kk8
r3(s) =
ns∑
i=1
(i− 1)(i− 2)
(ns − 1)(ns − 2)q(i|s) UNV
Bb i?2 bvKTiQiB+ T`Q##BHBiv i?i- +QM/BiBQMH QM #2BM; bKTH2/ BM  ;`QmT BM bii2 s- irQ `M/QKkke
M2B;?#Q`b Q7  `M/QK KmiMi BM/BpB/mH `2 HbQ KmiMibXkkd
kXjXk AM/BpB/mH }iM2bb M/ BM/BpB/mH k@}iM2bbkk3
*QMbB/2`  KmiMi BM M (s, i)@;`QmT M/ /2}M2kkN
w(s′|s, i) ≡ 1
i
n
s
′∑
i′=1
i′a(s′, i′|s, i). URyV
h?2 bmK QM i?2 `B;?i@?M/ bB/2 Q7 2[XURyV +QmMib i?2 2tT2+i2/ iQiH MmK#2` Q7 KmiMib BM ;`QmTb BM bii2kjy
s′ T`Q/m+2/ #v M (s, i)@;`QmT- M/ i?2 b?`2 7`QK  bBM;H2 KmiMi BM i?Bb (s, i)@;`QmT Bb +H+mHi2/ #vkjR
/BpB/BM; i?Bb HBM2;2 T`Q/m+iBpBiv #v iX >2M+2- w(s′|s, i) Bb i?2 2tT2+i2/ MmK#2` Q7 QzbT`BM; Q7  KmiMikjk
BM/BpB/mH UTQbbB#Hv BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV- r?B+? b2iiH2 BM  ;`QmT BM bii2 s′- ;Bp2M i?i i?2kjj
KmiMi `2bB/2/ BM  ;`QmT BM bii2 (s, i) BM i?2 T`2pBQmb iBK2 T2`BQ/X h?mb w(s′|s, i) Bb M BM/BpB/mHkj9
}iM2bbRXkj8
RAi Bb BKTQ`iMi iQ MQi2 i?i i?2 +QM/BiBQMBM; BM w(s′|s, i) Bb QMHv QM i?2 bii2 Q7 i?2 T`2MiH ;2M2`iBQM Ub 2KT?bBx2/
#v i?2 MQiiBQMV M/ i?i w(s′|s, i) /2T2M/b QM ;`QmT i`MbBiBQM T`Q##BHBiB2b BM KQ/2Hb BM r?B+? i?2 bii2 s Q7  ;`QmT +M
+?M;2 BM 2+? ;2M2`iBQMX a22 2[bXU1XRĜ1XkV BM G2?KMM 2i HX UkyReV b r2HH b b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH
7Q` KQ`2 /2iBHbX
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6B;m`2 R,  b+?2KiB+ 2tKTH2 7Q` i?2 +H+mHiBQM Q7 BM/BpB/mH k@}iM2bbX avK#QHb J M/ _ `2T`2b2Mi
KmiMib M/ `2bB/2Mi BM/BpB/mHb- `2bT2+iBp2HvX AM i?Bb 2tKTH2- M (s, 2)@;`QmT ǳT`Q/m+2/Ǵ QM2 (s′, 3)@
;`QmT M/ QM2 (s′, 1)@;`QmTX AM/BpB/mH R@}iM2bb Q7 2+? KmiMi BM i?2 T`2MiH ;2M2`iBQM Bb i?2 iQiH
MmK#2` Q7 KmiMib BM i?2 7QHHQrBM; ;2M2`iBQM U3 + 1 = 4V /BpB/2/ #v i?2 MmK#2` Q7 KmiMib BM i?2
(s, 2)@;`QmT U= 2VX h?mb w1(s′|s, 2) = 4/2 = 2X 6Q` BM/BpB/mH k@}iM2bb r2 +H+mHi2 i?2 r2B;?i2/ MmK#2`Q7 KmiMib BM i?2 7QHHQrBM; ;2M2`iBQM- r?2`2 i?2 r2B;?ib `2 i?2 T`Q##BHBiB2b i?i  `M/QK M2B;?#Q` Q7
 KmiMi Bb HbQ  KmiMi- M/ i?2M /BpB/2 Bi #v i?2 MmK#2` Q7 KmiMib BM i?2 (s, 2)@;`QmT U= 2VX h?2b2
T`Q##BHBiB2b `2 2/4 7Q` i?2 (s′, 3)@;`QmT M/ 0/4 7Q` i?2 (s′, 1)@;`QmTX h?mb- i?2 r2B;?i2/ MmK#2` Q7
KmiMib Bb 3 ·(2/4)+1 ·(0/4) = 3/2- M/ i?2 BM/BpB/mH k@}iM2bb Bb w2(s′|s, 2) = (3/2)/2 = 3/4X aBKBH`Hv-
w3(s
′|s, 2) = {3 · (1/6) + 1 · (0/6)}/2 = 1/4 M/ w4(s′|s, 2) = w5(s′|s, 2) = 0X
q2 MQr 2ti2M/ i?2 +QM+2Ti Q7 BM/BpB/mH }iM2bb iQ +QMbB/2`  +QHH2+iBQM Q7 QzbT`BM; /2b+2M/BM; 7`QKkje
 KmiMi BM/BpB/mHX JQ`2 7Q`KHHv- 7Q` Mv BMi2;2` k (1 ≤ k ≤ ns′) r2 H2ikjd
wk(s
′|s, i) ≡ 1
i
n
s
′∑
i′=1
φk(s
′, i′)i′a(s′, i′|s, i) URRV
#2 i?2 2tT2+i2/ MmK#2` Q7 QzbT`BM; T`Q/m+2/ #v  bBM;H2 KmiMi BM/BpB/mH BM M (s, i)@;`QmT UTQbbB#Hvkj3
BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV i?i b2iiH2 BM  ;`QmT BM bii2 s′ M/ ?p2 k−1 `M/QKHv bKTH2/ ;`QmTkjN
M2B;?#Q`b UrBi?Qmi `2TH+2K2MiV i?i `2 HbQ KmiMibX q2 `272` iQ wk(s′|s, i) b ǳBM/BpB/mH k@}iM2bbǴk9y
`2;`/H2bb Q7 i?2 bii2b s′ M/ (s, i) Ub22 6B;m`2 R 7Q` M BHHmbi`iBp2 2tKTH2VXk9R
LQi2 i?i BM/BpB/mH 1@}iM2bb 2[mHb w(s′|s, i) b /2}M2/ BM 2[XURyVX >2M+2- BM/BpB/mH k@}iM2bbk9k
wk(s
′|s, i) Bb  ;2M2`HBxiBQM Q7 i?Bb }iM2bb +QM+2TiX h?2 /Bz2`2M+2 #2ir22M 2[XURyV M/ 2[XURRV Bb i?2k9j
i2`K φk(s′, i′)- r?B+? b?Qrb i?i k@}iM2bb +QmMib M BM/BpB/mHǶb MmK#2` Q7 QzbT`BM; UTQbbB#Hv BM+Hm/BM;k99
b2H7 i?`Qm;? bm`pBpHV i?i 2tT2`B2M+2  +2`iBM B/2MiBiv@#v@/2b+2Mi ;2M2iB+ bii2 BM i?2B` ;`QmTX lM/2`k98
Qm` bbmKTiBQM Q7 BM}MBi2Hv KMv ;`QmTb- KQ`2 i?M QM2 /BbT2`bBM; QzbT`BM; +M b2iiH2 BM i?2 bK2 ;`QmTk9e
QMHv rBi? T`QT;mH2 /BbT2`bHX h?mb- rBi?Qmi T`QT;mH2 /BbT2`bH /BbT2`bBM; QzbT`BM; /Q MQi +QMi`B#mi2k9d
3
iQ k@}iM2bb 7Q` k > 1Xk93
kXjXj LQiiBQM 7Q` T2`im`#iBQM MHvbBbk9N
aBM+2 Qm` ;QH Bb iQ T2`7Q`K  b2MbBiBpBiv MHvbBb Q7 ρ iQ 2pHmi2 i?2 b2H2+iBQM ;`/B2Mi M/ /Bb`mTiBp2k8y
b2H2+iBQM +Q2{+B2Mi- r2 bbmK2 i?i i?2 KmiMi M/ `2bB/2Mi i`Bi pHm2b `2 +HQb2 iQ 2+? Qi?2` M/k8R
r`Bi2k8k
x = y + δ URkV
rBi? δ bm{+B2MiHv bKHH UBX2X- |δ| ≪ 1VX h?mb- ρ +M #2 hvHQ`@2tTM/2/ rBi? `2bT2+i iQ δXk8j
6Q` BMpbBQM }iM2bb ρ- Q` KQ`2 ;2M2`HHv- 7Q` Mv bKQQi? 7mM+iBQM F i?i /2T2M/b QM δ- r2 rBHH mb2k89
i?2 7QHHQrBM; MQiiBQM i?`Qm;?Qmi i?Bb TT2`X h?2 hvHQ`@2tTMbBQM Q7 F rBi? `2bT2+i iQ δ Bb r`Bii2M bk88
F (δ) = F (0) + δF (1) + δ2F (2) + · · · , URjV
r?2`2 F (ℓ) Bb ;Bp2M #vk8e
F (ℓ) =
1
ℓ!
dℓF (δ)
dδℓ
∣∣∣∣
δ=0
. URj#V
kXjX9 S`QT2`iB2b Q7 i?2 KQMQKQ`T?B+ `2bB/2Mi TQTmHiBQMk8d
h?2 x2`Qi?@Q`/2` +Q2{+B2Mi BM 2[XURjV +Q``2bTQM/b iQ i?2 bBimiBQM r?2`2 i?2 7mM+iBQM F Bb 2pHmi2/k83
mM/2` i?2 bmTTQbBiBQM i?i BM/BpB/mHb H#2HH2/ b ǳKmiMiǴ M/ ǳ`2bB/2MiǴ `2 i?2 bK2X AM i?i +b2-k8N
BM/BpB/mHb BM ;`QmTb rBi? i?2 bK2 bii2 `2 bbmK2/ iQ #2 2t+?M;2#H2 BM i?2 b2Mb2 i?i i?2v ?p2key
i?2 bK2 `2T`Q/m+iBp2 +?`+i2`BbiB+b Ui?2 bK2 /Bbi`B#miBQM Q7 }iM2bb2b- BX2X- i?2 bK2 K2M }iM2bb- i?2keR
bK2 p`BM+2 BM }iM2bb- M/ bQ QMVX h?Bb `2bmHib BM  M2mi`H 2pQHmiBQM`v T`Q+2bb- BX2X-  KQMQKQ`T?B+kek
TQTmHiBQMXkej
q2 MQr +?`+i2`Bx2 i?2 KmiMi HBM2;2 /vMKB+b mM/2`  M2mi`H T`Q+2bb b i?Bb THvb  +`m+BH `QH2ke9
BM Qm` MHvbBbX 6`QK 2[XURyV- i?2 BM/BpB/mH R@}iM2bb BM M (s, i)@;`QmT- r`Bii2M mM/2` M2mi`HBiv- 2[mHbke8
w
(0)
1 (s
′|s, i) = 1
i
n
s
′∑
i′=1
i′a(0)(s′, i′|s, i), UR9V
r?2`2 2+? a(0)(s′, i′|s, i) Bb M 2Mi`v Q7 i?2 Ki`Bt A mM/2` M2mi`HBivX "v Qm` 2t+?M;2#BHBiv bbmKT@kee
iBQM- 2[XUR9V /Q2b MQi /2T2M/ QM i- i?2 MmK#2` Q7 i?2 BM/BpB/mHb H#2H2/ b ǳKmiMibǴ BM i?Bb ;`QmTked
Ub22 b2+iBQM \\ UBpV BM i?2 amTTH2K2Mi`v Ji2`BHVX A7 i?Bb rQmH/ MQi #2 i?2 +b2- KmiMib BM  ;`QmTke3
(s, i1) M/ BM  ;`QmT (s, i2) rBi? i1 6= i2 rQmH/ ?p2 /Bz2`2Mi `2T`Q/m+iBp2 QmiTmib M/ KmiMib M/keN
`2bB/2Mib rQmH/ MQi #2 2t+?M;2#H2X h?2`27Q`2- 7`QK MQr QM r2 r`Bi2 w(0)1 (s′|s, i) bBKTHv b w(0)1 (s′|s)Xkdy
q2 +QHH2+i i?2b2 M2mi`H }iM2bb2b BM i?2 N × N Ki`Bt W (0) = {w(0)1 (s′|s)}X Aib 2Mi`v (s′, s) ;Bp2b i?2kdR
2tT2+i2/ MmK#2` Q7 /2b+2M/Mib UTQbbB#Hv BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV b2iiHBM; BM ;`QmTb Q7 bii2 s′kdk
i?i /2b+2M/ 7`QK M BM/BpB/mH `2bB/BM; BM M s@;`QmT UKmiMi Q` `2bB/2Mi bBM+2 i?2v `2 T?2MQivTB+HHvkdj
BM/BbiBM;mBb?#H2VXkd9
h?2 bbmKTiBQMb i?i 2+? ;`QmT Bb /2MbBiv `2;mHi2/ Ub22 a2+iBQM kXRV M/ i?i i?2 `2bB/2Mi TQTmH@kd8
iBQM ?b `2+?2/ biiBQM`Biv ;m`Mi22 i?i i?2 H`;2bi 2B;2MpHm2 Q7 W (0) 2[mHb 1 Ub22 b2+iBQM \\ UpVkde
BM i?2 amTTH2K2Mi`v Ji2`BHVX h?Bb Bb i?2 mMB[m2 H`;2bi 2B;2MpHm2 #2+mb2 W (0) Bb T`BKBiBp2 /m2 iQkdd
N
i?2 bbmKTiBQM i?i A Bb T`BKBiBp2X h?mb- i?2`2 Bb MQ /2KQ;`T?B+ +?M;2 BM TQTmHiBQMb BM r?B+? HHkd3
BM/BpB/mHb +``v i?2 bK2 i`Bi y M/ i?i ?p2 `2+?2/ biiBQM`BivXkdN
h?2 7+i i?i mM/2` M2mi`HBiv w(0)1 (s′|s, i) Bb BM/2T2M/2Mi Q7 i M/ W (0) ?b i?2 mMB[m2 H`;2bik3y
2B;2MpHm2 Q7 1 BKTQb2b +QMbi`BMib QM i?2 Ki`Bt A(0) = {a(0)(s′, i′|s, i)} i?i /2b+`B#2b i?2 ;`Qri?k3R
Q7  KmiMi HBM2;2 mM/2` M2mi`HBivX G2i mb /2MQi2 i?2 H27i 2B;2Mp2+iQ` Q7 W (0) +Q``2bTQM/BM; iQ i?2k3k
2B;2MpHm2 R #v v(0) = {v(0)(s)}- r?B+? Bb  bi`B+iHv TQbBiBp2 `Qr p2+iQ` Q7 H2M;i? N X 1+? 2Mi`v v(0)(s)k3j
;Bp2b i?2 `2T`Q/m+iBp2 pHm2 Q7 M BM/BpB/mH BM bii2 s- r?B+? Bb i?2 bvKTiQiB+ +QMi`B#miBQM Q7 i?ik39
BM/BpB/mH iQ i?2 ;2M2 TQQHX LQi2 i?i v(0)(s) /Q2b MQi /2T2M/ QM δ #2+mb2 Bi Bb /2}M2/ 7`QK W (0)-k38
r?B+? Bb BM/2T2M/2Mi Q7 δX q2 MQr +QMbi`m+i  `Qr p2+iQ` vˆ(0) = {vˆ(0)(s, i)} Q7 H2M;i? n ≡ ∑s∈S nsk3e
#v b2iiBM; vˆ(0)(s, i) = v(0)(s)iX Ai ?b #22M b?QrM i?i vˆ(0) Bb  TQbBiBp2 H27i 2B;2Mp2+iQ` Q7 i?2 Ki`Btk3d
A(0) = {a(0)(s′, i′|s, i)} +Q``2bTQM/BM; iQ i?2 2B;2MpHm2 R- M/ i?2`27Q`2 Ĝ bBM+2 vˆ(0) Bb bi`B+iHv TQbBiBp2k33
Ĝ i?2 S2``QM@6`Q#2MBmb i?2Q`2K BKTHB2b i?i i?2 H`;2bi 2B;2MpHm2 Q7 A(0) Bb ρ(0) = 1 Ub22 TT2M/Bt k3N
BM G2?KMM 2i HX- kyRe- 7Q`  T`QQ7 M/ KQ`2 /2iBHbVX q2 HbQ b?Qr i?i i?2 +QHmKM p2+iQ` {q(0)(s)}kNy
Q7 H2M;i? N - /2MQiBM; i?2 bi#H2 bvKTiQiB+ /Bbi`B#miBQM ;Bp2M #v 2[XU9V mM/2` M2mi`HBiv- Bb i?2 `B;?ikNR
2B;2Mp2+iQ` Q7 i?2 Ki`Bt W (0) +Q``2bTQM/BM; iQ i?2 2B;2MpHm2 Q7 R Ub22 b2+iBQM \\ BM i?2 amTTH2K2Mi`vkNk
Ji2`BHVX h?2`2 Bb 7`22/QK Q7 +?QB+2 7Q` ?Qr iQ MQ`KHBx2 i?2 H27i 2B;2Mp2+iQ` v(0) M/ ?2`2 r2 2KTHQvkNj
i?2 +QMp2MiBQM i?i ∑s∈S v(0)(s)q(0)(s) = 1X h?Bb K2Mb i?i i?2 `2T`Q/m+iBp2 pHm2 Q7  `M/QKHvkN9
bKTH2/ KmiMi BM/BpB/mH 7`QK Bib HBM2;2 Bb mMBivXkN8
hQ bmKK`Bx2- mM/2` M2mi`HBiv- i?2 bi#H2 bvKTiQiB+ /Bbi`B#miBQM Q7 KmiMib M/ i?2 `2T`Q/m+iBp2kNe
pHm2 Q7 BM/BpB/mHb biBb7vkNd
q(0)(s′) =
∑
s∈S
w
(0)
1 (s
′|s)q(0)(s) (q(0) = W (0)q(0)), UR8V
v(0)(s) =
∑
s′∈S
v(0)(s′)w
(0)
1 (s
′|s) (v(0) = v(0)W (0)), UR8#V
1 =
∑
s∈S
v(0)(s)q(0)(s) (1 = v(0)q(0)), UR8+V
r?2`2 v(0) Bb  `Qr@p2+iQ` rBi? 2Mi`B2b v(0)(s) M/ q(0) Bb  +QHmKM@p2+iQ` rBi? 2Mi`B2b q(0)(s)XkN3
kX9 AMpbBQM }iM2bb b `2T`Q/m+iBp2@pHm2@r2B;?i2/ }iM2bbkNN
1[miBQM UkV 7Q` i?2 H2/BM; 2B;2MpHm2 M/ 2B;2Mp2+iQ` Q7 i?2 Ki`Bt A +M #2 H27i@KmHiBTHB2/ QM #Qi?jyy
bB/2b #v Mv MQM@x2`Q p2+iQ` Q7 r2B;?ibX h?Bb HHQrb iQ 2tT`2bb ρ BM i2`Kb Q7 i?Bb p2+iQ` Q7 r2B;?ib M/jyR
A M/ uX A7 QM2 +?QQb2b 7Q` i?2 p2+iQ` Q7 r2B;?ib i?2 p2+iQ` Q7 M2mi`H `2T`Q/m+iBp2 pHm2b vˆ(0) /Bb+mbb2/jyk
#Qp2- i?2M BMpbBQM }iM2bb +M #2 2tT`2bb2/ bjyj
ρ =
1
V
∑
s′∈S
∑
s∈S
ns∑
i=1
v(0)(s′)w1(s
′|s, i)q(i|s)q(s), UReV
r?2`2jy9
V ≡
∑
s∈S
v(0)(s)q(s) URe#V
Ub22 G2?KMM 2i HX- kyRe- TT2M/Bt *- 2[XU*X8V- 7Q` i?2 T`QQ7VX h?Bb `2T`2b2MiiBQM Q7 ρ Bb mb27mH iQjy8
/Q +QM+`2i2 +H+mHiBQMbX h?2 BMimBiBQM #2?BM/ Bi Bb b 7QHHQrbX h?2 BMM2` bmK- iF2M Qp2` i- `2T`2b2Mibjye
Ry
i?2 `2T`Q/m+iBp2@pHm2@r2B;?i2/ p2`;2 MmK#2` Q7 QzbT`BM; BM bii2b s′ ;Bp2M  T`2MiH KmiMi `2bB/2bjyd
BM M s@;`QmT- r?2`2 i?2 p2`;2 Bb iF2M Qp2` HH TQbbB#H2 KmiMi MmK#2`b 2tT2`B2M+2/ #v i?2 T`2MiHjy3
KmiMi BM M s@;`QmTX h?2 KB//H2 bmK iF2b i?2 p2`;2 Qp2` HH bii2b s BM r?B+? KmiMib +M `2bB/2 BMjyN
i?2 T`2MiH ;2M2`iBQM- M/ i?2 Qmi2` bmK iF2b i?2 p2`;2 Qp2` HH TQbbB#H2 bii2b s′ BM r?B+? KmiMijRy
QzbT`BM; +M `2bB/2 UTQbbB#Hv BM+Hm/BM; T`2Mib i?`Qm;? bm`pBpHVXjRR
>2M+2- i?2 MmK2`iQ` BM 2[XUReV Bb i?2 `2T`Q/m+iBp2@pHm2@r2B;?i2/ p2`;2 BM/BpB/mH 1@}iM2bb Q7jRk
 KmiMi BM/BpB/mH `M/QKHv bKTH2/ 7`QK i?2 KmiMi HBM2;2- r?BH2 i?2 /2MQKBMiQ` V +M #2 BM@jRj
i2`T`2i2/ UBM 7Q`+2 Q7 2[XUR8#VV b i?2 `2T`Q/m+iBp2@pHm2@r2B;?i2/ p2`;2 Q7 i?2 M2mi`H 1@}iM2bb Q7 MjR9
BM/BpB/mH bKTH2/ 7`QK i?2 bvKTiQiB+ bii2 /Bbi`B#miBQM Q7 i?2 KmiMi HBM2;2X >2M+2- ρ Bb i?2 `iBQ Q7jR8
i?2 `2T`Q/m+iBp2@pHm2@r2B;?i2/ p2`;2 }iM2bb Q7  KmiMi BM/BpB/mH M/ i?i Q7  KmiMi BM/BpB/mHjRe
mM/2` M2mi`HBiv r?2`2 #Qi? BM/BpB/mHb `2 bKTH2/ 7`QK i?2 bK2 /Bbi`B#miBQMX LQi2 i?i BM 2[XUReVjRd
i?2 [mMiBiB2b w1(s′|s, i)- q(s) M/ q(i|s) /2T2M/ QM δ r?BH2 v(0)(s′) /Q2b MQiXjR3
Pm` ;QH Bb iQ +QKTmi2 7`QK 2[XUReV i?2 b2H2+iBQM ;`/B2Mi M/ /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mib-jRN
ρ(1)(y) ≡ ∂ρ
∂δ
∣∣∣∣
δ=0
M/ ρ(2)(y) ≡ 1
2
∂2ρ
∂δ2
∣∣∣∣
δ=0
. URdV
h?2b2 +Q2{+B2Mib `2 HH r2 M22/ iQ +HbbB7v bBM;mH` bi`i2;B2b UJ2ix 2i HX- RNNec :2`Bix 2i HX- RNN3VXjky
AM/22/-  bBM;mH` bi`i2;v y∗ biBb}2bjkR
ρ(1)(y∗) = 0. UR3V
h?Bb bi`i2;v Bb HQ+HHv +QMp2`;2M+2 bi#H2 UBX2X-  HQ+H ii`+iQ` TQBMi Q7 i?2 2pQHmiBQM`v /vMKB+bVjkk
r?2Mjkj
c(y∗) ≡ dρ
(1)(y)
dy
∣∣∣∣
y=y∗
< 0. URNV
LQi2 i?i +QMp2`;2M+2 bi#BHBiv ?BM;2b QM KmiMib rBi? bKHH T?2MQivTB+ /2pBiBQM δ BMp/BM; M/ bm#biB@jk9
imiBM; `2bB/2Mib UǳBMpbBQM BKTHB2b bm#biBimiBQMǴV- r?B+? ?QH/b i`m2 r?2M |δ| ≪ 1 mM/2` i?2 /2KQ;`T?B+jk8
bbmKTiBQMb Q7 Qm` KQ/2H U_Qmbb2i- kyy9- TTX RNe M/ kyeVX 6m`i?2`KQ`2- i?2 bBM;mH` TQBMi Bb HQ+HHvjke
mMBMp/#H2 B7jkd
ρ(2)(y∗) < 0. UkyV
 bBM;mH` bi`i2;v +M i?2M #2 +HbbB}2/ #v /2i2`KBMBM; i?2 +QK#BMiBQM Q7 bB;Mb Q7 i?2 /Bb`mTiBp2jk3
b2H2+iBQM +Q2{+B2Mi ρ(2)(y∗) M/ i?2 +QMp2`;2M+2 bi#BHBiv +Q2{+B2Mi c(y∗) i y∗ UJ2ix 2i HX- RNNecjkN
:2`Bix 2i HX- RNN3VXjjy
j a2MbBiBpBiv MHvbBbjjR
jXR 1B;2MpHm2 T2`im`#iBQMbjjk
lbBM; 2[XUReV- b r2HH b i?2 MQ`KHBxiBQM Q7 `2T`Q/m+iBp2 pHm2b ;Bp2M BM 2[XUR8+V- r2 b?Qr BM b2+iBQMjjj
\\ BM i?2 amTTH2K2Mi`v Ji2`BH i?i i?2 }`bi@Q`/2` T2`im`#iBQM Q7 ρ rBi? `2bT2+i iQ δ Bb ;Bp2M #vjj9
ρ(1) =
∑
s′∈S
∑
s∈S
ns∑
i=1
v(0)(s′)w
(1)
1 (s
′|s, i)q(0)(i|s)q(0)(s). UkRV
RR
h?mb- ρ(1) Bb bBKTHv  r2B;?i2/ T2`im`#iBQM Q7 BM/BpB/mH 1@}iM2bb2b w1X 6Q` i?2 b2+QM/@Q`/2` T2`im`@jj8
#iBQM Q7 ρ rBi? `2bT2+i iQ δ- ;Bp2M i?i ρ(1) = 0- r2 }M/ i?ijje
ρ(2) = ρ(2r) + ρ(2[) + ρ(2`) UkkV
r?2`2jjd
ρ(2r) =
∑
s′∈S
∑
s∈S
ns∑
i=1
v(0)(s′)w
(2)
1 (s
′|s, i)q(0)(i|s)q(0)(s) Ukk#V
ρ(2[) =
∑
s′∈S
∑
s∈S
ns∑
i=1
v(0)(s′)w
(1)
1 (s
′|s, i)q(0)(i|s)q(1)(s) Ukk+V
ρ(2`) =
∑
s′∈S
∑
s∈S
ns∑
i=1
v(0)(s′)w
(1)
1 (s
′|s, i)q(1)(i|s)q(0)(s) Ukk/V
Ub2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVX h?2 }`bi i2`K- H#2HH2/ ρ(2r)- +QK2b 7`QK i?2 b2+QM/@jj3
Q`/2` T2`im`#iBQM Q7 BM/BpB/mH 1@}iM2bb2bX h?2 b2+QM/ i2`K- H#2HH2/ ρ(2[)- +QK2b 7`QK i?2 }`bi@Q`/2`jjN
T2`im`#iBQM Q7 i?2 biiBQM`v /Bbi`B#miBQM Q7 KmiMib BM i?2 /Bz2`2Mi bii2b- M/ i?2 i?B`/ i2`K- H#2HH2/j9y
ρ(2`)- +QK2b 7`QK i?2 }`bi@Q`/2` T2`im`#iBQM Q7 i?2 biiBQM`v /Bbi`B#miBQM Q7 i?2 MmK#2` Q7 KmiMib BMj9R
Mv ;Bp2M bii2Xj9k
q?BH2 2[bXUkRV M/ UkkV ;Bp2 bQK2 BMbB;?ib BMiQ ?Qr b2H2+iBQM +ib QM KmiMib- BM T`iB+mH`- i?2vj9j
2KT?bBx2 i?2 `QH2 Q7 b2H2+iBQM QM i?2 /Bbi`B#miBQMb q(s) M/ q(i|s)- i?2b2 2tT`2bbBQMb `2KBM +QKTHB+i2/j99
b i?2v BMpQHp2 r2B;?i2/ p2`;2b Q7 }iM2bb /2`BpiBp2b w(ℓ)k (s′|s, i) (ℓ = 1, 2) Qp2` i?2 M2mi`H M/j98
T2`im`#2/ KmiMi /Bbi`B#miBQMb q(1)(i|s) M/ q(1)(s)X hQ Q#iBM KQ`2 BMbB;?i7mH 2tT`2bbBQMb 7Q` i?2b2j9e
b2MbBiBpBiB2b- r2 2tT`2bb BM i?2 M2ti b2+iBQM wk(s′|s, i) 7Q` k = 1, 2, 3 BM i2`Kb Q7 i`Bi pHm2bX h?Bb rBHHj9d
HHQr mb iQ +``v Qmi `2``M;2K2Mib M/ bBKTHB}+iBQMb Q7 ρ(1) M/ ρ(2)Xj93
jXk AM/BpB/mH }iM2bb 7mM+iBQMbj9N
jXkXR AM/BpB/mH R@}iM2bbj8y
*QMbB/2`  7Q+H BM/BpB/mH BM  7Q+H ;`QmT BM bii2 s M/ /2MQi2 #v z1 i?2 i`Bi pHm2 Q7 i?i BM/BpB/mHXj8R
amTTQb2 i?i i?2 Qi?2` ns − 1 M2B;?#Q`b /QTi i?2 i`Bi pHm2b z2, · · · , zns M/ HKQbi HH BM/BpB/mHbj8k
QmibB/2 i?Bb 7Q+H ;`QmT /QTi i?2 i`Bi pHm2 zX G2i i?2Mj8j
w1,s′|s(z1, z2, · · · , zns , z) (s′, s ∈ S, z1, · · · , zns , z ∈ R) UkjV
#2 i?2 2tT2+i2/ MmK#2` Q7 QzbT`BM; BM bii2 s′ i?i /2b+2M/ 7`QK  7Q+H BM bii2 sX 1[miBQM UkjVj89
2tT`2bb2b BM/BpB/mH R@}iM2bb BM i2`Kb Q7 i?2 T?2MQivT2b Q7 HH BMi2`+iBM; BM/BpB/mHb M/ rBHH #2 `272``2/j88
iQ b M BM/BpB/mH }iM2bb 7mM+iBQMX Ai Bb  +QKKQM #mBH/BM; #HQ+F Q7 T?2MQivTB+ KQ/2Hb Ub22 6`MF-j8e
RNN3c _Qmbb2i- kyy9- 7Q` i2ti#QQF i`2iK2MibV M/ Bb i?2 }iM2bb i?i ?b iQ #2 +QMbB/2`2/ B7 M 2t+ij8d
/2b+`BTiBQM Q7  TQTmHiBQM Bb `2[mB`2/- 7Q` BMbiM+2- BM M BM/BpB/mH@#b2/ biQ+?biB+ KQ/2H- r?2`2 2+?j83
BM/BpB/mH Kv ?p2  /Bz2`2Mi T?2MQivT2Xj8N
"2+mb2 i?2 QMHv ?2i2`Q;2M2Biv r2 +QMbB/2` `2 i?2 /Bz2`2Mi ;`QmT bii2b Ur2 ?p2 MQ ?2i2`Q;2M2Biv BMjey
BM/BpB/mH bii2b rBi?BM ;`QmTbV- i?2 BM/BpB/mH R@}iM2bb 7mM+iBQM w1,s′|s Bb BMp`BMi mM/2` T2`KmiiBQMbjeR
Q7 z2, · · · , zns X qBi? i?Bb- r2 +M `2r`Bi2 2[XUkjV bjek
w1,s′|s(z1, z{2,··· ,ns}, z) Q` w1,s′|s(z1, z−{1}, z), Ukj#V
Rk
r?2`2 i?2 b2i@bm#b+`BTi2/ p2+iQ` z{2,··· ,ns} `2T`2b2Mib  p2+iQ` Q7 H2M;i? ns−1 BM r?B+? 2+? Q7 z2, · · · , znsjej
TT2`b BM M `#Bi``v Q`/2` #mi 2t+iHv QM+2X h?2 bm#b+`BTi −{1} Bb mb2/ b  b?Q`i?M/ MQiiBQM Q7je9
i?2 b2i /Bz2`2M+2 {1, 2, · · · , ns} \ {1} = {2, · · · , ns} M/ mb2/ r?2M i?2 #b2HBM2 b2i {1, 2, · · · , ns} Bb +H2`je8
7`QK i?2 +QMi2tiX h?2`27Q`2- z−{1} Bb i?2 bK2 b z{2,··· ,ns}X aBKBH`Hv- BM i?2 7QHHQrBM; i?2 bm#b+`BTijee
−{1, 2} `2T`2b2Mib i?2 b2i /Bz2`2M+2 {1, 2, · · · , ns} \ {1, 2} = {3, · · · , ns}- M/ bQ 7Q`i?X 6Q` 2tKTH2-jed
z−{1,2} = z{3,··· ,ns} `2T`2b2Mib  p2+iQ` Q7 H2M;i? ns − 2 BM r?B+? 2+? Q7 z3, · · · , zns TT2`b BM Mje3
`#Bi``v Q`/2` #mi 2t+iHv QM+2XjeN
6Q` Qm` irQ HH2H2 KQ/2H zi, z ∈ {x, y}- r2 +M r`Bi2  KmiMiǶb BM/BpB/mH R@}iM2bb bjdy
w1(s
′|s, i) = w1,s′|s(x, x, · · · , x︸ ︷︷ ︸
i−1
, y, · · · , y︸ ︷︷ ︸
ns−i
, y). Uk9V
"v mbBM; i?2 +?BM `mH2 M/ T2`KmiiBQM BMp`BM+2- i?2 x2`Qi?- }`bi- M/ b2+QM/ Q`/2` T2`im`#iBQMb Q7jdR
w1(s
′|s, i) rBi? `2bT2+i iQ δ `2jdk
w
(0)
1 (s
′|s, i) = w1,s′|s, Uk8V
w
(1)
1 (s
′|s, i) = ∂w1,s′|s
∂z1
+ (i− 1)∂w1,s′|s
∂z2
, Uk8#V
w
(2)
1 (s
′|s, i) = 1
2
∂2w1,s′|s
∂z21
+
i− 1
2
∂2w1,s′|s
∂z22
+ (i− 1)∂
2w1,s′|s
∂z1∂z2
+
(i− 1)(i− 2)
2
∂2w1,s′|s
∂z2∂z3
. Uk8+V
>2`2- HH 7mM+iBQMb M/ /2`BpiBp2b i?i TT2` rBi?Qmi `;mK2Mib `2 2pHmi2/ i i?2 `2bB/2Mi TQTm@jdj
HiBQM- (y, · · · , y)-  +QMp2MiBQM r2 /QTi i?`Qm;?QmiX LQi2 i?i bQK2 /2`BpiBp2b TT2`BM; BM 2[bXUk8Vjd9
`2 BHH@/2}M2/ 7Q` ns = 1 M/ ns = 2- #mi i?2v `2 Hrvb MmHHB}2/ #v i?2 7+iQ`b (i−1) M/ (i−1)(i−2)Xjd8
h?mb- #v bBKTHv M2;H2+iBM; i?2b2 BHH@/2}M2/ i2`Kb- 2[XUk8V Bb pHB/ 7Q` Mv 1 ≤ i ≤ nsXjde
jXkXk AM/BpB/mH k@ M/ j@}iM2bbjdd
*QMbB/2` ;BM  7Q+H BM/BpB/mH rBi? i`Bi pHm2 z1 BM  ;`QmT BM bii2 s BM r?B+? i?2 ns − 1 ;`QmTjd3
M2B;?#Q`b ?p2 i?2 i`Bi pHm2b z−{1} = z{2,··· ,ns} BM  TQTmHiBQM i?i Bb Qi?2`rBb2 KQMQKQ`T?B+ 7Q` zXjdN
6Q` i?Bb b2iiBM;- r2 /2}M2 irQ ivT2b Q7 BM/BpB/mH k@}iM2bb 7mM+iBQMbX 6B`bi- H2ij3y
wA2,s′|s(z1, z−{1}, z) (s′, s ∈ S, z1, · · · , zns , z ∈ R) UkeV
#2 i?2 2tT2+i2/ MmK#2` Q7 QzbT`BM; BM bii2 s′ i?i /2b+2M/ 7`QK i?2 7Q+H BM/BpB/mH M/ i?i ?p2j3R
 `M/QK M2B;?#Q` i?i HbQ /2b+2M/b 7`QK i?2 7Q+H BM/BpB/mH Ub22 6B;m`2 kVX AMimBiBp2Hv bT2FBM;-j3k
wA2,s′|s K2bm`2b i?2 MmK#2` Q7 bB#HBM; TB`b T`Q/m+2/ #v  7Q+H BM/BpB/mHX >2M+2- r?2M QM2 +QMbB/2`bj3j
i?2 `2T`Q/m+iBp2 T`Q+2bb #+Fr`/ BM iBK2- wA2,s′|s > 0 K2Mb i?i +QH2b+2M+2 2p2Mib /Q Q++m`X q2 +HHj39
wA2,s′|s i?2 ǳbK2@T`2Mi BM/BpB/mH k@}iM2bbǴ- #2+mb2 i?2 QzbT`BM; BMpQHp2/ BM Bi /2b+2M/ 7`QK i?2 bK2j38
BM/BpB/mHXj3e
a2+QM/- 7Q` ns ≥ 2 +QMbB/2`  M2B;?#Q` Q7 i?2 7Q+H BM/BpB/mH rBi? i`Bi pHm2 z2- +HH2/ i?2 i`;2ij3d
BM/BpB/mH- BM  ;`QmT BM r?B+? i?2 `2KBMBM; ns− 2 M2B;?#Q`b ?p2 i?2 i`Bi T`Q}H2 z−{1,2} = z{3,··· ,ns}Xj33
G2ij3N
wAA2,s′|s(z1, z2, z−{1,2}, z) (s′, s ∈ S, z1, · · · , zns , z ∈ R) UkdV
Rj
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6B;m`2 k,  b+?2KiB+ 2tKTH2 Q7 ?Qr r2 +H+mHi2 i?2 BM/BpB/mH k@}iM2bb2b wA2 M/ wAA2 X :`v ``Qrb`2T`2b2Mi `2T`Q/m+iBQM UQ` bm`pBpHVX q2 H#2H #v ǳRǴ i?2 7Q+H BM/BpB/mH rBi? i`Bi pHm2 z1 BM i?2T`2MiH ;2M2`iBQM M/ Bib QzbT`BM; UTQbbB#Hv BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV BM i?2 7QHHQrBM; ;2M2`iBQMX
aBKBH`Hv- r2 H#2H #v ǳkǴ i?2 i`;2i BM/BpB/mH rBi? i`Bi pHm2 z2 BM i?2 T`2MiH ;2M2`iBQM M/ BibQzbT`BM; UTQbbB#Hv BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV BM i?2 QzbT`BM; ;2M2`iBQMX "2+mb2 2+? Q7 i?2 irQ
/2b+2M/Mib Q7 i?2 7Q+H BM/BpB/mH BM i?2 #QiiQK@H27i ;`QmT Ui?Qb2 rBi? H#2H ǳRǴV }M/b rBi? T`Q##BHBiv
1/4  `M/QK M2B;?#Q` r?Qb2 H#2H Bb ǳRǴ- r?2`2b i?2 QM2 /2b+2M/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+QMi`B#mi2b iQ /Bb`mTiBp2 b2H2+iBQM- B7 }iM2bb Bb +QMp2t BM QrM T?2MQivT2X UBBV h?2 b2+QM/@Q`/2` 2z2+i9e8
`2bmHiBM; 7`QK i?2 M2B;?#Q`b Q7 i?2 7Q+H +?M;BM; i?2B` i`Bi pHm2b- r?B+? Bb TQbBiBp2 B7 i?2 7Q+HǶb }iM2bb9ee
Bb +QMp2t BM T?2MQivT2 Q7 ;`QmT M2B;?#Q`bX h?Bb +QMi`B#mi2b iQ /Bb`mTiBp2 b2H2+iBQM T`QTQ`iBQMHHv iQ9ed
TB`rBb2 `2Hi2/M2bb r(0)2 (s)- bBM+2 i?Bb Bb i?2 HBF2HB?QQ/ i?i  `M/QK M2B;?#Q` +``B2b i?2 bK2 HH2H2 b9e3
i?2 7Q+H BM/BpB/mHX UBBBV h?2 DQBMi 2z2+i Q7 i?2 7Q+H BM/BpB/mH M/ Mv Q7 Bib M2B;?#Q`b +?M;BM; i?2B`9eN
i`Bi pHm2- r?B+? Bb TQbBiBp2 B7 i?2 2z2+i Q7 BM+`2b2/ i`Bi pHm2b Q7 QrM M/ Qi?2`b +QKTH2K2Mi 2+?9dy
Qi?2`X h?Bb ;BM +QMi`B#mi2b iQ /Bb`mTiBp2 b2H2+iBQM BM T`QTQ`iBQM iQ i?2 HBF2HB?QQ/ i?i Mv M2B;?#Q`9dR
Bb  KmiMiX UBpV h?2 DQBMi 2z2+i Q7 TB`b Q7 M2B;?#Q`b Q7 i?2 7Q+H +?M;BM; i?2B` i`Bi pHm2b- r?B+? Bb9dk
TQbBiBp2 B7 i?2 2z2+i Q7 BM+`2b2/ i`Bi pHm2b BM M2B;?#Q`b +QKTH2K2Mi 2+? Qi?2`X h?Bb +QMi`B#mi2b iQ9dj
/Bb`mTiBp2 b2H2+iBQM rBi? i?2 T`Q##BHBiv r(0)3 (s) i?i  TB` Q7 M2B;?#Q`b +``v i?2 i?2 bK2 HH2H2 b i?29d9
7Q+H BM/BpB/mHX9d8
Rd
1[miBQM Uj9#V /2T2M/b- 7Q` 2+? bii2- QM i?2 T`Q/m+i Q7 i?2 bii2 bT2+B}+ BM+HmbBp2 }iM2bb 2z2+i9de
U`2+HH i?2 i2`K BM #`+F2ib BM 2[XUjkVV KmHiBTHB2/ rBi? i?2 T2`im`#iBQM q(1)(s) Q7 i?2 ;`QmT bii2 T`Q#@9dd
#BHBivX  +QMi`B#miBQM iQ /Bb`mTiBp2 b2H2+iBQM Q++m`b B7 i?2 KmiMi HH2H2 BM+`2b2b Bib T`Q##BHBiv iQ9d3
#2 BM  ;Bp2M bii2 r?BH2 bBKmHiM2QmbHv BM+`2bBM; i?2 BM/BpB/mH }iM2bb Q7 Bib +``B2`b BM i?i bii2X9dN
aBKBH`Hv- 2[XUj9+V /2T2M/b- 7Q` 2+? bii2- QM i?2 T`Q/m+i Q7 i?2 bii2 bT2+B}+ BM/B`2+i 2z2+i Q7 Qi?2`b93y
QM QrM }iM2bb U`2+HH i?2 b2+QM/ i2`K BM #`+F2ib BM 2[XUjkVV M/ i?2 `2Hi2/M2bb T2`im`#iBQM r(1)2 (s)X93R
h?Bb +QMi`B#mi2b iQ /Bb`mTiBp2 b2H2+iBQM B7 i?2 KmiMi HH2H2 BM+`2b2b i?2 T`Q##BHBiv i?i  7Q+H ?b93k
KmiMi M2B;?#Q`b r?BH2 bBKmHiM2QmbHv BM+`2bBM; i?2 BM/BpB/mH }iM2bb Q7 i?Qb2 M2B;?#Q`bX 6BMHHv- r293j
MQi2 i?i BM i?2 T`2b2M+2 Q7  bBM;H2 bii2 UBX2X- MQ bii2 ?2i2`Q;2M2Biv KQM; ;`QmTbV ρ(2[) = 0X h?Bb Bb939
i?2 +b2 BM HH T`2pBQmbHv Tm#HBb?2/ 2tT`2bbBQMb 7Q` i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi U.v- kyyRc D`-938
kyyjc qFMQ M/ G2?KMM- kyR9c JmHHQM 2i HX- kyReV- r?B+? i?2`27Q`2 `2/m+2 iQ ρ(2r)+ρ(2`) b /2}M2/93e
#v 2[bXUj9V M/ Uj9+VX93d
AM Q`/2` iQ +QKTmi2 ρ(2) r2 M22/- BM //BiBQM iQ 2[bXUR8V- UR8#V M/ UjjV- 2tT`2bbBQMb 7Q` q(1)(s)-933
r
(0)
3 (s)- M/ r(1)2 (s)X AM b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH- r2 /2`Bp2 i?2 +Q``2bTQM/BM; `2+m`bBQMb93N
7Q` ρ(1) = 0X AM T`iB+mH`- r2 b?Qr i?i q(1)(s) biBb}2b9Ny
q(1)(s′) =
∑
s∈S
[
∂w1,s′|s
∂z1
+ (ns − 1)
∂w1,s′|s
∂z2
r
(0)
2 (s)
]
q(0)(s) +
∑
s∈S
w1,s′|sq
(1)(s) Uj8V
M/ i?i r(0)3 (s) biBb}2b9NR
r
(0)
3 (s
′) =
1
q(0)(s′)
∑
s∈S
[
wA3,s′|s + 3(ns − 1)wAA3,s′|sr(0)2 (s) +
(ns − 1)(ns − 2)
2
wAAA3,s′|sr
(0)
3 (s)
]
q(0)(s). UjeV
6BMHHv- r2 b?Qr i?i r(1)2 (s) biBb}2b i?2 `2+m`bBQM9Nk
r
(1)
2 (s
′) =
1
q(0)(s′)
∑
s∈S
[
∂wA2,s′|s
∂z1
+ (ns − 1)
∂wA2,s′|s
∂z2
r
(0)
2 (s)
+ 2(ns − 1)
∂wAA2,s′|s
∂z1
r
(0)
2 (s) + (ns − 1)(ns − 2)
∂wAA2,s′|s
∂z3
r
(0)
3 (s)
]
q(0)(s)
+
1
q(0)(s′)
∑
s∈S
[
(ns − 1)wAA2,s′|sr(1)2 (s)
]
q(0)(s)
+
1
q(0)(s′)
∑
s∈S
[
wA2,s′|s + (ns − 1)wAA2,s′|sr(0)2 (s)
]
q(1)(s)
− r(0)2 (s′)
q(1)(s′)
q(0)(s′)
. UjdV
1[miBQM Uj8V b?Qrb i?i q(1)(s) /2T2M/b QM i?2 bii2@bT2+B}+ BM+HmbBp2 }iM2bb 2z2+i U+QKT`2 i?29Nj
}`bi bmKKM/ BM 2[XUj8V iQ i?2 i2`K BM #`+F2ib BM 2[XUjkVVX h?mb- i?2 T`Q##BHBiv i?i  KmiMi Bb9N9
BM  +2`iBM bii2 s BM+`2b2b rBi? Bib bii2@bT2+B}+ BM+HmbBp2 }iM2bb 2z2+iX 1[miBQM UjeV 7Q` i?2 i?`22@9N8
rv `2Hi2/M2bb +Q2{+B2Mi /2T2M/b QM wA3,s′|s, wAA3,s′|s M/ wAAA3,s′|s M/ Bi Bb  ;2M2`HBxiBQM Q7 i?2 TB`rBb29Ne
`2Hi2/M2bb +Q2{+B2Mi ;Bp2M #v 2[XUjjVX 6BMHHv- 2[XUjdV b?Qrb i?i r(1)2 (s) /2T2M/b QM /B`2+i M/ BM/B`2+i9Nd
2z2+ib QM wA2,s′|s M/ wAA2,s′|sX LQi2- i?i 2[XUjdV iQ;2i?2` rBi? 2[bXUR8V- UR8#V- UjjV- Uj8V- M/ UjeV 7Q`K9N3
 HBM2` bvbi2K Q7 2[miBQMb rBi?  /BK2MbBQM 2[mH iQ bBt iBK2b i?2 MmK#2` Q7 bii2b N X Aib bQHmiBQM9NN
HHQrb mb iQ /2i2`KBM2 i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi ρ(2)X h?Bb bvbi2K Q7 2[miBQMb BM im`M Bb 7mHHv8yy
R3
/2i2`KBM2/ QM+2 i?2 i?2 k@}iM2bb2b 7Q` k = 1, 2, 3 `2 bT2+B}2/ 7Q`  `2bB/2Mi TQTmHiBQM- MK2Hv- w1,s′|s-8yR
wA2,s′|s- wAA2,s′|s- wA3,s′|s- wAA3,s′|s- M/ wAAA3,s′|sX8yk
AM ;2M2`H- B7 i?2 bii2 bT+2 S Bb H`;2- bQHpBM; i?Bb bvbi2K Q7 2[miBQMb UM/ i?Qb2 M22/2/ 7Q` ρ(1)V8yj
Kv #2 +QKTHB+i2/X aBKBH`Hv- i?2 k@ M/ j@}iM2bb2b Kv #2 +QKTHB+i2/X q2 ?2`2 ;Bp2 irQ /B`2+iBQMb8y9
7Q` TT`QtBKiBM; ρ(1) M/ ρ(2)X 6B`bi- BM/BpB/mH }iM2bb ;2M2`HHv /2T2M/b QM pBiH `i2b HBF2 72+mM/Biv8y8
M/ bm`pBpH Ub22 2[bXU98VĜU9eV 7Q`  +QM+`2i2 2tKTH2V M/ p`BiBQM Q7 i?2b2 pBiH `i2b Kv ?p2 bKHH8ye
2z2+ib QM }iM2bb- r?B+? BM/m+2b r2F b2H2+iBQM `2;`/H2bb Q7 i?2 K;MBim/2 Q7 i?2 T?2MQivTB+ /2pBiBQM8yd
δ U+HH2/ ǳω@r2F b2H2+iBQMǴ #v qBH/ M/ h`mHb2M- kyyd- M/ ǳr2F TvQzǴ #v oM *H2p2- kyR8VX 6Q`8y3
ǳr2F TvQzbǴ UQ` ω@r2F b2H2+iBQMV- ρ(2) ≈ ρ(2r) #2+mb2 QM2 +M M2;H2+i ρ(2[) M/ ρ(2`)X AM/22/-8yN
#Qi? i?2b2 i2`Kb BMpQHp2 T`Q/m+ib Q7 K`;BMH +?M;2b BM }iM2bb- r?B+? BKTHB2b i?i i?2b2 T`Q/m+ib8Ry
`2 Q7 b2+QM/@Q`/2` 2z2+i mM/2` r2F TvQzb M/ }`bi@Q`/2` 2z2+ib rBHH i?mb /QKBMi2X aBM+2 ρ(2r)8RR
QMHv BMpQHp2b }`bi@Q`/2` 2z2+ib Bi /QKBMi2b i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2MiX a22 oM *H2p2 UkyR8V8Rk
7Q` M TTHB+iBQMb Q7 i?Bb TT`QtBKiBQM iQ ρ(1) M/ qFMQ M/ G2?KMM UkyR9V M/ JmHHQM 2i HX8Rj
UkyReV iQ ρ(2)X a2+QM/- p`BiBQM Q7 pBiH `i2b M/ }iM2bb +`Qbb bii2b Kv #2 bKHH mM/2` +2`iBM8R9
#BQHQ;B+H b+2M`BQb BM r?B+? +b2 QM2 Kv TTHv  bQ@+HH2/ bKHH MQBb2 TT`QtBKiBQM U2X;X- hmHDTm`F`-8R8
RNNyc *br2HH- kyyRV iQ ρ(1) M/ ρ(2)- r?2`2#v i?2 K;MBim/2 Q7 p`BiBQM `2 iF2M iQ #2 bKHHX h?Bb8Re
bBKTHB}+iBQM ?b #22M mb2/ iQ TT`QtBKi2 ρ(1) BM  KmHiB@bT2+B2b K2i@TQTmHiBQM KQ/2H i?i Bb +Qp2`2/8Rd
#v Qm` ;2M2`H KQ/2H UJmHHQM M/ G2?KMM- kyR3V- #mi ?b MQi v2i #22M TTHB2/ iQ ρ(2)- r?B+? rQmH/8R3
#2 BMi2`2biBM; BM 7mim`2 rQ`FX8RN
6BMHHv- 7Q` bQK2 bT2+B}+ HB72@+v+H2b i?2 k@ M/ j@}iM2bb 7mM+iBQMb +M #2 2tT`2bb2/ BM i2`Kb Q7 +QK@8ky
TQM2Mib Q7 i?2 R@}iM2bb 7mM+iBQMbX h?Bb ;`2iHv bBKTHB}2b i?2 +H+mHiBQMb #2+mb2 HH `2+m`bBQMb +M i?2M8kR
#2 bQHp2/ 2tTHB+BiHvX q2 rBHH MQr T`QpB/2 M TTHB+iBQM Q7 Qm` KQ/2H HQM; i?Bb Hii2` HBM2- r?B+? biBHH8kk
+Qp2`b  H`;2 +Hbb Q7 KQ/2HbX8kj
9 TTHB+iBQM iQ  HQii2`v KQ/2H rBi? bTiBH ?2i2`Q;2M2Biv8k9
q2 MQr bim/v  HQii2`v KQ/2H rBi? Qp2`HTTBM; ;2M2`iBQMb M/ bTiBH ?2i2`Q;2M2BivX am+?  KQ/2H8k8
+M #2 7Q`KmHi2/ 7Q`  p`B2iv Q7 HB72@+v+H2b M/ r2 ?2`2 iF2  ?B2``+?B+H TT`Q+? BM r?B+? r2 KF28ke
BM+`2bBM;Hv KQ`2 bT2+B}+ bbmKTiBQMbX ++Q`/BM;Hv- i?Bb b2+iBQM Bb /BpB/2/ BM i?`22 T`ibX a2+iBQM 9XR8kd
T`QpB/2b ;2M2`H `2bmHib #Qmi i?2 +QKTQM2Mib Q7 i?2 b2H2+iBQM +Q2{+B2Mib #b2/ QM i?2 bbmKTiBQM Q78k3
}t2/ ;`QmT bii2b sX AM a2+iBQM 9Xk r2 BMi`Q/m+2 irQ 7Q`Kb Q7 TQTmHiBQM `2;mHiBQM `2bmHiBM; BM ?`/8kN
M/ bQ7i b2H2+iBQM- `2bT2+iBp2HvX 6BMHHv- BM a2+iBQM 9Xj r2 bT2+B7v M 2tTHB+Bi }iM2bb 7mM+iBQM r?B+? HHQrb8jy
mb iQ T`2b2Mi  7mHHv rQ`F2/ 2tKTH2 7Q` i?2 2z2+i Q7 ;`QmT bBx2 M/ bTiBH ?2i2`Q;2M2Biv QM /Bb`mTiBp28jR
b2H2+iBQMX8jk
9XR aTiBH HQii2`v KQ/2H8jj
9XRXR .2+QKTQbBiBQM BMiQ T?BHQTi`B+ M/ /BbT2`bH +QKTQM2Mib8j9
q2 bi`i #v KFBM; i?2 7QHHQrBM; i?`22 bbmKTiBQMbX UBV :`QmT bii2b s /2b+`B#2 2MpB`QMK2MiH p`B#H2b8j8
i?i /Q MQi +?M;2 BM iBK2X h?mb- ;`QmT bii2b `2 }t2/ M/ r2 ?2`2 `272` iQ i?2K b ?#BiibX "v πs8je
r2 /2MQi2 i?2 `2HiBp2 T`QTQ`iBQM Q7 ;`QmTb BM ?#Bii s- ?2M+2 ∑s∈S πs = 1X UBBV AM/BpB/mHb bm`pBp28jd
RN
BM/2T2M/2MiHv Q7 2+? Qi?2` rBi? T`Q##BHBiv γs < 1 iQ i?2 M2ti iBK2 bi2T BM  ;`QmT BM ?#Bii sX LQi28j3
i?i γs = 0 +Q``2bTQM/b iQ i?2 q`B;?i@6Bb?2` mT/i2 r?2`2 HH /mHib /B2 bBKmHiM2QmbHv- M/ i?i γs ∼ 18jN
+Q``2bTQM/b iQ i?2 JQ`M mT/i2 r?2`2 i KQbi QM2 BM/BpB/mH /B2b BM  ;`QmTX UBBBV .BbT2`bH Q++m`b89y
BM/BpB/mHHv M/ BM/2T2M/2MiHv iQ  `M/QK /2biBMiBQM UMQ T`QT;mH2 /BbT2`bHVX UBpV h?2 2pQHpBM; i`Bi89R
/Q2b MQi z2+i bm`pBpHX qBi? i?2b2 bbmKTiBQMb r2 +M /2+QKTQb2 i?2 R@}iM2bb Q7  7Q+H BM/BpB/mH89k
BMiQ  T?BHQTi`B+ M/ /BbT2`bH +QKTQM2Mi b89j
w1,s′|s(z1, z−{1}, z) =


wT1,s|s(z1, z−{1}, z)︸ ︷︷ ︸
T?BHQTi`B+
+w/1,s|s(z1, z−{1}, z)︸ ︷︷ ︸
/BbT2`bH
(s′ = s)
w/1,s′|s(z1, z−{1}, z)︸ ︷︷ ︸
/BbT2`bH
(s′ 6= s).
Uj3V
PzbT`BM; i?i ?p2 H27i 7`QK i?2B` MiH ;`QmT M/ bm++2bb7mHHv b2iiH2/ 2Hb2r?2`2 `2 +QmMi2/ BM i?2 /Bb@899
T2`bH +QKTQM2Mi w/1,s′|s(z1, z−{1}, z)X h?2 T?BHQTi`B+ +QKTQM2Mi wT1,s|s(z1, z−{1}, z) +QmMib i?2 MmK#2`898
Q7 MQM@/BbT2`bBM; QzbT`BM;- TQbbB#Hv BM+Hm/BM; b2H7 i`Qm;? bm`pBpHX h?mb- r2 7m`i?2` /2+QKTQb2 i?289e
T?BHQTi`B+ T`i BMiQ  bm`pBpH T`i M/  `2T`Q/m+iBQM T`i b89d
wT1,s|s(z1, z−{1}, z) = γs︸︷︷︸
T?BHQTi`B+ bm`pBpH
+(1− γs)wT`1,s|s(z1, z−{1}, z)︸ ︷︷ ︸
T?BHQTi`B+ `2T`Q/m+iBQM
. Uj3#V
aBKBH`Hv- 7Q` i?2 /BbT2`bH T`i r2 r`Bi2893
w/1,s′|s(z1, z−{1}, z) = (1− γs′)w/`1,s′|s(z1, z−{1}, z)︸ ︷︷ ︸
/BbT2`bH `2T`Q/m+iBQM
. Uj3+V
9XRXk :2M2`H `2bmHib 7Q` bTiBH HQii2`v KQ/2H89N
6Q` i?Bb KQ/2H- r2 2tTHB+BiHv +QKTmi2 i?2 +QKTQM2Mib Q7 i?2 b2H2+iBQM ;`/B2Mi M/ /Bb`mTiBp2 b2H2+iBQM88y
+Q2{+B2Mi BM b2+iBQMb \\ M/ \\ Q7 i?2 amTTH2K2Mi`v Ji2`BHX AM T`iB+mH`- r2 b?Qr i?i i?2 T`Q#@88R
#BHBiv i?i  `M/QK HBM2;2 K2K#2` Bb bKTH2/ 7`QK  ;`QmT BM bii2 s mM/2` M2mi`HBiv 2[mHb i?288k
r2B;?i2/ 7`2[m2M+v88j
q(0)(s) =
πsns∑
s′∈S πs′ns′
, UjNV
r?2`2 i?2 r2B;?ib `2 i?2 MmK#2` Q7 BM/BpB/mHb BM i?2 ;`QmT bii2X889
6Q` i?2 `2T`Q/m+iBp2 pHm2- Bi Bb BMbi`m+iBp2 iQ T`QpB/2  7Q`KmH 7Q` v(0)(s′)q(0)(s)- #2+mb2 i?2888
`2T`Q/m+iBp2 pHm2 Hrvb TT2`b b  T`Q/m+i rBi? q(0)(s) BM ρ(1) U2[XUjkVV M/ ρ(2) U2[XUj9VV Ui?2 QMHv88e
2t+2TiBQM Bb 2[XUj9#V- #mi b22 i?2 /Bb+mbbBQM #2HQr 2[XU9jVVX h?Bb T`Q/m+i Bb ;Bp2M #v88d
v(0)(s′)q(0)(s) =
w/`1,s|s′
(1− γs′)(1− wT`1,s′|s′)(1− wT`1,s|s)
/(∑
s′′∈S
w/`1,s′′|s′′
(1− γs′′)(1− wT`1,s′′|s′′)2
)
U9yV
Ub2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVX 6m`i?2`KQ`2- i?2 M2mi`H TB`rBb2 `2Hi2/M2bb +Q2{+B2Mi883
2[mHb88N
r
(0)
2 (s) =
2γsw
T`
1,s|s + (1− γs)
(
wT`1,s|s
)2
ns(1 + γs)− 2(ns − 1)γswT`1,s|s − (ns − 1)(1− γs)
(
wT`1,s|s
)2 U9RV
ky
Ub2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVX h?2 ;2M2`H bQHmiBQM 7Q` r(0)3 (s) `2KBMb +QKTHB+i2/ Ub228ey
2[XU\\V 7Q` i?2 7mHH 2tT`2bbBQMV- #mi 7Q` bT2+BH +b2b Bi Bb8eR
r
(0)
3 (s) =

(
wT`1,s|s
)3 [
ns + 2(ns − 1)
(
wT`1,s|s
)2]
[
ns − (ns − 1)
(
wT`1,s|s
)2] [
n2s − (ns − 1)(ns − 2)
(
wT`1,s|s
)3] Uq`B;?i@6Bb?2` T`Q+2bb- γs = 0V,
2
(
wT`1,s|s
)2
[
ns − (ns − 1)wT`1,s|s
] [
ns − (ns − 2)wT`1,s|s
] UJQ`M T`Q+2bb- γs ∼ 1V.
U9kV
A7 i?2 `2bB/2Mi i`Bi pHm2 Bb 2[mH iQ i?2 bBM;mH` bi`i2;v r?2`2 ρ(1) = 0- i?2M i?2 }`bi@Q`/2`8ek
T2`im`#iBQM Q7 i?2 biiBQM`v KmiMi /Bbi`B#miBQM Bb8ej
q(1)(s) =
{
1
1− wT`1,s|s
[
∂wT`1,s|s
∂z1
+ (ns − 1)
∂wT`1,s|s
∂z2
r
(0)
2 (s)
]
−
∑
s′∈S
1
1− wT`1,s′|s′
[
∂wT`1,s′|s′
∂z1
+ (ns′ − 1)
∂wT`1,s′|s′
∂z2
r
(0)
2 (s
′)
]
q(0)(s′)
}
q(0)(s)
U9jV
Ub2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVX LQi2 i?i r2 +M Q#iBM i?2 7`+iBQM q(1)(s)/q(0)(s) #v8e9
/BpB/BM; #Qi? bB/2b Q7 2[XU9jV #v q(0)(s)- r?B+?- r?2M +QK#BM2/ rBi? 2[XU9yV- HHQrb iQ /B`2+iHv Q#iBM8e8
i?2 T`Q/m+i v(0)(s′)q(1)(s)X h?Bb [mMiBiv Bb `2[mB`2/ iQ +QKTmi2 2[XUj9#VX 6BMHHv- 7Q` ρ(1) = 0 r2 ?p28ee
r
(1)
2 (s) = 2r
(0)
2 (s)
γs + (1− γs)wT`1,s|s
2γsw
T`
1,s|s + (1− γs)
(
wT`1,s|s
)2
×
{
[1 + (ns − 1)r(0)2 (s)]
∂wT`1,s|s
∂z1
+ (ns − 1)[2r(0)2 (s) + (ns − 2)r(0)3 (s)]
∂wT`1,s|s
∂z2
} U99V
Ub22 a2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH r?2`2 r2 HbQ KF2 i?2 +QMM2+iBQM iQ T`2pBQmb rQ`FVX8ed
qBi? 2[bXU9yV M/ U9RV r2 +M +QKTmi2 i?2 }`bi@Q`/2` T2`im`#iBQM Q7 BMpbBQM }iM2bb- 2[XUjkV-8e3
2tTHB+BiHv ;Bp2M bT2+B}+ HB72@+v+H2 bbmKTiBQMb UbBM+2 HH `2+m`bBQMb ?p2 #22M bQHp2/VX aBKBH`Hv- mM/2`8eN
i?2 bbmKTiBQM i?i ρ(1) = 0- M/ rBi? 2[bXUjNVĜU99V BM ?M/- r2 +M 2tTHB+BiHv +QKTmi2 i?2 b2+QM/@Q`/2`8dy
T2`im`#iBQM Q7 BMpbBQM }iM2bb- 2[XUj9VX8dR
9Xk 62+mM/Biv b2H2+iBQM mM/2` irQ /Bz2`2Mi 7Q`Kb Q7 /2MbBiv `2;mHiBQM8dk
q2 7m`i?2` `2}M2 Qm` bbmKTiBQMb BM Q`/2` iQ ``Bp2 i irQ HB72@+v+H2b rBi? +QM+`2i2 2tT`2bbBQMb 7Q` wT`1,s|s8dj
M/ w/`1,s′|sX h?2 }`bi QM2 Bb b 7QHHQrbX URV 1+? /mHi BM/BpB/mH BM  ;`QmT BM ?#Bii s T`Q/m+2b8d9
QM p2`;2  p2`v H`;2 MmK#2` fs Q7 QzbT`BM;- M/ i?2M 2Bi?2` bm`pBp2b rBi? T`Q##BHBiv γs Q` /B2b8d8
rBi? i?2 +QKTH2K2Mi`v T`Q##BHBivX UkV PzbT`BM; /BbT2`b2 BM/2T2M/2MiHv Q7 2+? Qi?2` iQ  mMB7Q`KHv8de
`M/QKHv +?Qb2M MQM@MiH ;`QmT rBi? i?2 MQM@x2`Q T`Q##BHBiv msX M QzbT`BM; bm`pBp2b /BbT2`bH rBi?8dd
T`Q##BHBiv ps r?2M /BbT2`bBM; 7`QK  ;`QmT BM ?#Bii sX UjV HH QzbT`BM; bTB`BM; iQ b2iiH2 BM  ;`QmT8d3
BM ?#Bii s +QKT2i2 7Q` i?2 p2`;2 MmK#2` (1− γs)ns Q7 #`22/BM; bBi2b p+i2/ #v i?2 /2i? Q7 /mHib8dN
M/ `2 `2+`mBi2/ mMiBH HH ns #`22/BM; bBi2b `2 Q++mTB2/X U9V h?2 2pQHpBM; i`Bi /Q2b MQi z2+i /BbT2`bHX83y
AM i?Bb HB72 +v+H2- /2MbBiv@/2T2M/2Mi TQTmHiBQM `2;mHiBQM Q++m`b 7i2` /BbT2`bH r?2M QzbT`BM; bTB`283R
iQ b2iiH2 M/ r2 `272` iQ i?Bb `2;BK2 b ?`/ b2H2+iBQMX q2 HbQ +QMbB/2`  bQ7i@b2H2+iBQM p`BMi BM r?B+?83k
kR
/2MbBiv `2;mHiBQM Q++m`b BM irQ bi2Tb Ub BM 6B;X R Q7 ap`/H 2i HX- kyR8VX 6B`bi-  HQ+H i`Bi@/2T2M/2Mi83j
bi;2 Q7 /2MbBiv@/2T2M/2Mi `2;mHiBQM Q++m`b BKK2/Bi2Hv 7i2` `2T`Q/m+iBQM U7i2` bi;2 URV BM i?2 #Qp2839
HB72 +v+H2V BM r?B+? i?2 QzbT`BM; TQQH BM 2+? ;`QmT Bb #`Qm;?i #+F iQ  bBx2 T`QTQ`iBQMH iQ i?2 HQ+H838
;`QmT bBx2 ns- bv bBx2 Kns- r?2`2 K Bb  H`;2 MmK#2`X 6`QK ?2`2 QM /BbT2`bH M/ `2+`mBiK2Mi Ub2+QM/83e
`2;mHiBQM bi2TV T`Q+22/ b BM i?2 ?`/@b2H2+iBQM HB72 +v+H2X83d
6Q` i?2b2 irQ HB72 +v+H2b- i?2 T?BHQTi`B+ M/ /BbT2`bH }iM2bb +QKTQM2Mib +M #2 r`Bii2M b833
wT`1,s|s(z1, z−{1}, z) =


ns
(1−ms)fs(z1, z−{1}, z)
(1−ms)
∑ns
i=1 fs(zi, z−{i}, z) + I?`/(z)
U?`/ b2H2+iBQMV
ns
(1−ms)
(1−ms)ns + IbQ7i︸ ︷︷ ︸
i`Bi BM/2T2M/2Mi `2+`mBiK2Mi
× ns
fs(z1, z−{1}, z)∑ns
i=1 fs(zi, z−{i}, z)︸ ︷︷ ︸
i`Bi /2T2M/2Mi `2;mHiBQM
UbQ7i b2H2+iBQMV,
U98V
U98#V
M/83N
w/`1,s′|s(z1, z−{1}, z) =


πs′ns′
psmsfs(z1, z−{1}, z)
(1−ms′)
∑n
s
′
i=1 fs′(z, z, z) + I?`/(z)
U?`/ b2H2+iBQMV
πs′ns′
psms
(1−ms′)ns′ + IbQ7i︸ ︷︷ ︸
i`Bi BM/2T2M/2Mi `2+`mBiK2Mi
× ns
fs(z1, z−{1}, z)∑ns
i=1 fs(zi, z−{i}, z)︸ ︷︷ ︸
i`Bi /2T2M/2Mi `2;mHiBQM
UbQ7i b2H2+iBQMV,
U9eV
U9e#V
`2bT2+iBp2Hv- r?2`2 fs(zi, z−{i}, z) Bb i?2 72+mM/Biv Q7 BM/BpB/mH i BM  ;`QmT BM ?#Bii s M/8Ny
I?`/(z) ≡
∑
s∈S
πsnspsmsfs(z, z, z) U9dV
IbQ7i ≡
∑
s∈S
πsnspsms U9d#V
`2 i?2 i`Bi@/2T2M/2Mi BKKB;`iBQM i2`Kb 7Q` i?2 ?`/@b2H2+iBQM KQ/2H M/ i`Bi@BM/2T2M/2Mi BKKB;`@8NR
iBQM i2`K 7Q` i?2 bQ7i b2H2+iBQM KQ/2H- `2bT2+iBp2HvX8Nk
1[miBQMb U98#V M/ U9e#V +M #2 mM/2`biQQ/ b 7QHHQrbX .m`BM; i?2 bi;2 Q7 i`Bi@/2T2M/2Mi `2;@8Nj
mHiBQM i?2 HQ+H QzbT`BM; TQQH BM  ;`QmT BM ?#Bii s Bb #`Qm;?i #+F iQ  bBx2 T`QTQ`iBQMH iQ ns-8N9
MK2Hv Kns- r?2`2#v i?2 T`QTQ`iBQM Q7 BM/BpB/mHb KQM; i?2 bm`pBpBM; QzbT`BM; /2b+2M/BM; 7`QK 8N8
7Q+H BM/BpB/mH Bb fs(z1, z−{1}, z)/∑nsi=1 fs(zi, z−{i}, z)X 1+? Q7 i?2b2 QzbT`BM; 2Bi?2` /BbT2`b2b Q` bivb8Ne
HQ+H M/ i?2M +QKT2i2b iQ #2 `2+`mBi2/X qBi? T`Q##BHBiv 1 − ms M QzbT`BM; Bb T?BHQTi`B+- M/8Nd
i?Bb T?BHQTi`B+ QzbT`BM; ;2ib `2+`mBi2/ rBi? T`Q##BHBiv 1/ [K((1−ms)ns + IbQ7i)] T2` QT2M bTQiX >2`28N3
K((1 − ms)ns + IbQ7i) Bb i?2 2tT2+i2/ MmK#2` Q7 HQ+H +QKT2iBiQ`b- r?2`2 i?2 MmK#2` Q7 KB;`Mi Qz@8NN
bT`BM; +QKT2iBM; BM  ;Bp2M ;`QmT 7Q` `2+`mBiK2Mi M/ +QKBM; 7`QK  ;`QmT BM ?#Bii s Bb T`QTQ`iBQMHeyy
iQ πsnspsmsX PzbT`BM; /BbT2`bBM; iQ  ;`QmT BM ?#Bii s′ 2tT2`B2M+2 QM p2`;2 K ((1−ms′)ns′ + IbQ7i)eyR
+QKT2iBiQ`b M/ i?2 T`Q##BHBiv iQ +QKT2i2 BM bm+?  ;`QmT Bb πs′ X h?2 HBF2HB?QQ/ iQ #2 `2+`mBi2/ U2Bi?2`eyk
7i2` /BbT2`bBM; Q` rBi?Qmi /BbT2`bBM;V Bb i?2M KmHiBTHB2/ #v i?2 2tT2+i2/ MmK#2` Q7 QT2M #`22/BM; bBi2b-eyj
r?B+? 2[mHb ns(1 − γs) BM i?2 MiH ;`QmT M/ ns′(1 − γs′) BM MQM@MiH ;`QmTb BM ?#Bii s′- #mi i?2ey9
7+iQ`b (1 − γs) M/ (1 − γs′) `2 H`2/v ++QmMi2/ 7Q` BM 2[bXUj3#V M/ Uj3+VX LQi2 i?i i?2 +QMbiMiey8
K /Q2b MQi TT2` BM 2[bXU98#V M/ U9e#V #2+mb2 Bi TT2`b #Qi? BM i?2 MmK2`iQ` M/ /2MQKBMiQ`eye
Q7 i?2b2 2[miBQMb M/ i?mb +M+2Hb QmiXeyd
lbBM; 2[XU98V M/ 2[XU9eV HQM; rBi? 2[bXUjNVĜU99V HHQrb iQ +QKTmi2 ρ(1) M/ ρ(2) 7Q`  H`;2 +Hbbey3
Q7 KQ/2HbX AM b2+iBQMb \\- \\ M/ \\ BM i?2 amTTH2K2Mi`v Ji2`BH- r2 b?Qr i?i r2 `2+Qp2`  MmK#2`eyN
kk
Q7 T`2pBQmbHv Tm#HBb?2/ `2bmHib #2HQM;BM; iQ i?Bb +Hbb Q7 KQ/2Hb- bQK2 Q7 r?B+? r2`2 /2`Bp2/ rBi? [mBi2eRy
/Bz2`2Mi +H+mHiBQMb US2M- kyyyc P?ibmFB- kyRyc G2?KMM M/ _Qmbb2i- kyRyc _Q/`B;m2b M/ :`/M2`-eRR
kyRkc qFMQ M/ G2?KMM- kyR9c ap`/H 2i HX- kyR8c JmHHQM 2i HX- kyRec S`pBM2M 2i HX- kyR3VXeRk
h?Bb BM/B`2+iHv +QM}`Kb i?2 pHB/Biv Q7 Qm` +H+mHiBQMbX 6Q` bBKTHB+Biv Q7 MQiiBQM r2 bbmK2/ i?i i?2eRj
2pQHpBM; i`Bi /Q2b M2Bi?2` z2+i bm`pBpH MQ` /BbT2`bH UBi QMHv z2+ib 72+mM/BivV- 2ti2MbBQMb iQ BM+Hm/2eR9
2z2+ib QM bm`pBpH M/ /BbT2`bH `2 BM T`BM+BTH2 bi`B;?i7Q`r`/XeR8
9Xj a2H2+iBQM MHvbBbeRe
AM i?Bb b2+iBQM- r2 }MHHv T`2b2Mi 2tTHB+Bi 2tT`2bbBQMb 7Q` i?2 b2H2+iBQM ;`/B2Mi ρ(1) M/ i?2 +Q2{+B2MieRd
Q7 /Bb`mTiBp2 b2H2+iBQM ρ(2) 7Q` #Qi? i?2 KQ/2H Q7 ?`/ M/ bQ7i b2H2+iBQMX q2 i?2M BMi`Q/m+2 M 2tTHB+BieR3
72+mM/Biv 7mM+iBQM- r?B+?- mM/2` bQK2 //BiBQMH bvKK2i`v bbmKTiBQMb- HHQrb mb iQ ?p2  +QKTH2i2HveRN
rQ`F2/ 2tKTH2Xeky
9XjXR >`/ b2H2+iBQMekR
AMb2`iBM; 2[bXU98V M/ U9eV BMiQ 2[bXUj3#V M/ Uj3+V- `2bT2+iBp2Hv- r2 b?Qr BM b2+iBQM \\ BM i?2 amT@ekk
TH2K2Mi`v Ji2`BH i?i i?2 b2H2+iBQM ;`/B2Mi 7Q` i?2 ?`/ b2H2+iBQM HQii2`v KQ/2H Bbekj
ρ(1) ∝
∑
s∈S
πsnspsmsfs
ds,?`/
{
∂fs
∂z1
fs
+ r
(0)
2 (s)(ns − 1)
∂fs
∂z2
fs
− (1− ds,?`/)2r(0)2,_(s)
(
∂fs
∂z1
fs
+ (ns − 1)
∂fs
∂z2
fs
)}
,
U93V
r?2`2 i?2 T`QTQ`iBQMHBiv +QMbiMi Bb TQbBiBp2 UM/ ;Bp2M #v i?2 BMp2`b2 Q7 2[XU\\VV M/ ds,?`/ Bb i?2ek9
#+Fr`/ KB;`iBQM `i2 7`QK ;`QmTb BM bii2 s mM/2` M2mi`HBiv /2}M2/ bek8
ds,?`/ ≡ I?`/
(1−ms)nsfs + I?`/ . U9NV
h?Bb `i2 /2T2M/b QM y #2+mb2 I?`/ M/ fs `2 2pHmi2/ i (y, · · · , y)X 1[miBQM U93V 7m`i?2` /2T2M/beke
QMekd
r
(0)
2,_(s) ≡
1
ns
+
ns − 1
ns
r
(0)
2 (s), U8yV
r?B+? Bb i?2 `2Hi2/M2bb #2ir22M irQ BM/BpB/mHb bKTH2/ rBi? `2TH+2K2Mi BM  ;`QmT BM bii2 s M/ek3
r?2`2ekN
r
(0)
2 (s) =
2γs(1− ds,?`/) + (1− γs)(1− ds,?`/)2
ns(1 + γs)− 2(ns − 1)γs(1− ds,?`/)− (ns − 1)(1− γs)(1− ds,?`/)2 . U8RV
1[miBQM U93V +M #2 mM/2`biQQ/ b 7QHHQrbX h?2 }`bi i2`K BM i?2 +m`Hv #`+F2ib Bb i?2 K`;BMHejy
72+mM/Biv 2z2+i #v  7Q+H BM/BpB/mH QM Bib2H7- r?BH2 i?2 b2+QM/ i2`K Bb i?2 K`;BMH 72+mM/Biv 2z2+iejR
+QM72``2/ #v HH ;`QmT K2K#2`b iQ i?2 7Q+H BM/BpB/mH r2B;?i2/ #v i?2 +Q2{+B2Mi Q7 TB`rBb2 `2Hi2/M2bbXejk
6BMHHv- i?2 i?B`/ i2`K `2~2+ib +QKT2iBiBQM 7Q` i?2 }MBi2 MmK#2` Q7 #`22/BM; bTQib BM  ;`QmTX  +?M;2ejj
BM i?2 i`Bi pHm2 Q7  7Q+H BM/BpB/mH i?i BM+`2b2b Bib 72+mM/Biv Q` i?i Q7 Bib M2B;?#Q`b BM+`2b2b i?2ej9
bi`2M;i? Q7 HQ+H +QKT2iBiBQMX h?Bb `2/m+2b i?2 }iM2bb Q7 i?2 7Q+H BM/BpB/mH B7 i?2 //BiBQMH QzbT`BM;ej8
`2KBM T?BHQTi`B+ M/ +QKT2i2 rBi? QrM QzbT`BM;X 1[miBQM U93V Bb  ;2M2`HBxiBQM Q7 T`2pBQmb `2bmHibeje
Q#iBM2/ 7Q` i?2 BbHM/ KQ/2H Ub22 b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH 7Q` i?2 /2iBH Q7 i?2b2ejd
+QMM2+iBQMbVXej3
kj
aBKBH`Hv- BMb2`iBM; 2[bXU98V M/ U9eV BMiQ 2[bXUj3#V M/ Uj3+V- `2bT2+iBp2Hv- M/ mbBM; i?2b2 BMejN
2[XUj9V- r2 Q#iBM  ;2M2`H 2tT`2bbBQM 7Q` i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi ρ(2) mM/2` ?`/ b2H2+iBQMXe9y
h?2 `2bmHiBM; 2tT`2bbBQM- r?BH2 mb27mH 7Q` MmK2`B+H +H+mHiBQMb- Bb iQQ H2M;i?v iQ #2 T`2b2Mi2/ ?2`2e9R
M/ r2 `272` iQ b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH 7Q` /2iBHbX h?2`2BM- r2 b?Qr i?i mM/2` e9k
q`B;?i@6Bb?2` T`Q+2bb Uγs = 0V i?2 `2bmHib Q7 S`pBM2M 2i HX UkyR3V `2 `2+Qp2`2/- r?Q Q#iBM2/ Me9j
2tT`2bbBQM Q7 ρ(2) 2tT`2bb2/ BM i2`Kb Q7 }`bi@ M/ b2+QM/@Q`/2` /2`BpiBp2b Q7 fsXe99
hQ +QKTH2K2Mi i?2b2 `2bmHib M/ iQ TT`Q+?  7mHHv rQ`F2/ 2tKTH2- r2 bbmK2  JQ`M T`Q@e98
+2bb UBX2X- γs ∼ 1V M/ i?i 72+mM/Biv Q7 M /mHi BM/BpB/mH /2T2M/b QMHv QM Bib QrM T?2MQivT2 UBX2X-e9e
fs(z1, z−{1}, z) = fs(z1)VX lM/2` i?2b2 bbmKTiBQMb- r2 b?Qr BM b2+iBQM \\ BM i?2 amTTH2K2Mi`v J@e9d
i2`BH i?i i?2 b2H2+iBQM ;`/B2Mi Bb  r2B;?i2/ bmK Q7 /fs//z1 Qp2` /Bz2`2Mi bii2b s Ub22 2[XU\\VV- M/e93
i?i i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi Bbe9N
ρ(2) ∝
∑
s∈S
πsnspsmsfs
ds,?`/

X1,s,?`/
/2fs/z2
1
fs
+X2,s,?`/
( /fs/z1
fs
)2
 , U8kV
r?2`2 i?2 TQbBiBp2 T`QTQ`iBQMHBiv +QMbiMi Bb i?2 bK2 b BM 2[XU93V- M/e8y
X1,s,?`/ =
1
2
ds,?`/(1− ds,?`/ + ns)
1 + ds,?`/(ns − 1) (≥ 0) U8k#V
X2,s,?`/ =
ds,?`/(1− ds,?`/)(1− ds,?`/ + ns)ns
{2 + ds,?`/(ns − 2)}{1 + ds,?`/(ns − 1)} (≥ 0) U8k+V
6Q` +QKTH2i2 /BbT2`bH UBX2X- ds,?`/ = 1Vj r2 Q#iBM i?i X1,s,?`/ = 1/2 M/ X2,s,?`/ = 0X b i?2e8R
/BbT2`bH `i2 ds,?`/ /2+`2b2b- i?2 `iBQ X2,s,?`//X1,s,?`/ BM+`2b2b KQMQiQMB+HHvX >2M+2- b /BbT2`bHe8k
#2+QK2b KQ`2 HBKBi2/- `2HiBp2Hv KQ`2 r2B;?i Bb Tmi QM i?2 b[m`2/ }`bi@Q`/2` /2`BpiBp2 (/fs//z1)2e8j
+QKT`2/ iQ i?2 b2+QM/@Q`/2` /2`BpiBp2 /2fs//z21 - BM/B+iBM; i?i HBKBi2/ /BbT2`bH 7+BHBii2b /Bb`mTiBp2e89
b2H2+iBQM UM/- B7 i?2 bBM;mH` bi`i2;v y∗ Bb +QMp2`;2M+2 bi#H2 M/ `2KBMb bQ r?2M p`vBM; /BbT2`@e88
bH- i?2M 2pQHmiBQM`v #`M+?BM; Bb 7+BHBii2/VX PM i?2 Qi?2` ?M/- 7Q`  }t2/ ds,?`/ < 1- i?2 `iBQe8e
X2,s,?`//X1,s,?`/ KQMQiQMB+HHv /2+`2b2b b ;`QmT bBx2 /2+`2b2bX >2M+2- rBi? /2+`2bBM; ;`QmT bBx2e8d
H2bb r2B;?i Bb Tmi QM i?2 b[m`2/ }`bi@Q`/2` /2`BpiBp2 (/fs//z1)2- r?B+? +ib iQ HBKBi /Bb`mTiBp2 b2H2+iBQMXe83
q2 }MHHv MQi2 i?i i?2 7mM+iBQMH 7Q`K Q7 2[XU8kV ?QH/b #2vQM/ i?2 JQ`M T`Q+2bb- T`QpB/2/ HH Qi?2`e8N
bbmKTiBQMb `2 i?2 bK2X q?BH2 i?2 r2B;?ib rBHH /2T2M/ QM i?2 bT2+B}+b Q7 i?2 `2T`Q/m+iBp2 T`Q+2bb-eey
r2 +QMD2+im`2 i?i i?2 r2B;?ib rBHH 72im`2 i?2 bK2 [mHBiiBp2 /2T2M/2M+2 QM /BbT2`bH M/ ;`QmT bBx2XeeR
q2 MQr KF2 irQ 7m`i?2` bbmKTiBQMbX 6B`bi- r2 7QHHQr ap`/H 2i HX UkyR8V M/ bbmK2 i?ieek
72+mM/Biv Bb mM/2` :mbbBM bi#BHBbBM; b2H2+iBQM rBi? ?#Bii bT2+B}+ QTiBKmK yQT,sX h?mb-eej
fs(z1) = fKt exp
[
− (z1 − yQT,s)
2
2σ2bi
]
, U8jV
r?2`2 fKt Bb i?2 KtBKH 72+mM/Biv Q7 M BM/BpB/mH M/ σ2bi Bb BMp2`b2Hv T`QTQ`iBQMH iQ i?2 bi`2M;i?ee9
Q7 bi#BHBbBM; b2H2+iBQMX a2+QM/- r2 bbmK2 i?i ;`QmT bBx2- KB;`iBQM M/ Dmp2MBH2 bm`pBpH `2 B/2MiB+Hee8
7Q` HH ?#Biib- BX2X- ns = n- ms = m- M/ ps = p 7Q` HH sX >2M+2- ?#Biib QMHv /Bz2` BM i?2 i`Bi pHm2eee
yQT,s i?i KtBKBx2b 72+mM/BivXeed
j6Q`  ?QKQ;2M2Qmb TQTmHiBQM rBi?  bBM;H2 ?#Bii s-  bBM;mH` TQBMi Bb +?`+i2`Bx2/ #v /fs//z1 = 0- M/ i?2`27Q`22[XU8kV T`2/B+ib i?i i?2 bB;M Q7 i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi Bb bQH2Hv /2i2`KBM2/ #v i?2 bB;M Q7 /2fs//z21 MQ Kii2`r?2i?2` /BbT2`bH Bb +QKTH2i2 Q` HQ+HHv HBKBi2/X  bBKBH` `2bmHi ?b #22M b?QrM BM S`pBM2M 2i HX UkyRdV #v bbmKBM; 
q`B;?i@6Bb?2` T`Q+2bbX
k9
lM/2` i?2b2 bbmKTiBQMb- i?2 bBM;mH` bi`i2;v y∗ Bb BKTHB+BiHv ;Bp2M #vee3
y∗ =
∑
s∈S
ψs(y
∗)yQT,s, U89V
r?B+? Bb  r2B;?i2/ p2`;2 Q7 i?2 ?#Bii bT2+B}+ i`Bi QTiBK rBi? i?2 r2B;?ib ψs #2BM; +QKTHB+i2/eeN
7mM+iBQMb Q7 i?2 KQ/2H T`K2i2`b Ub22 b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVX h?2 +QM/BiBQM 7Q`edy
i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi i i?2 bBM;mH` TQBMi y∗ U2[XU8kVV #2BM; TQbBiBp2 +M #2 2tT`2bb2/ bedR
∑
s∈S
Ψs(y
∗)(yQT,s − y∗)2 > σ2bi, U88V
r?2`2 i?2 ΨsǶb `2 ;BM +QKTHB+i2/ r2B;?ib Ub2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVXedk
h?2b2 2tT`2bbBQMb ;`2iHv bBKTHB7v r?2M r2 +QMbB/2` QMHv irQ ?#Biib rBi? 2[mH T`QTQ`iBQMb- BX2Xedj
S = {1, 2} rBi? π1 = π2 = 1/2- MQ KQ`iHBiv BM /BbT2`bH- p = 1- M/ bvKK2i`B+ QTiBK BM i?2 b2Mb2ed9
i?i yQT,2 = −yQT,1X .m2 iQ i?Bb bvKK2i`v- y∗ = 0 Bb  bQHmiBQM Q7 2[XU8jV M/ i?2`27Q`2  bBM;mH` bi`i@ed8
2;vX 6m`i?2`KQ`2- BM b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH- r2 }M/ i?i mM/2` i?2 7Q`2K2MiBQM2/ede
bbmKTiBQMbedd
Ψs(y
∗) =
1
2
(
2−m
m
− 4(1−m)
2
m(2 +m(n− 2))
)
. U8eV
h?2M- #v mbBM; i?2 p`BM+2 Q7 i?2 ?#Bii QTiBK /2}M2/ #ved3
σ2QT =
∑
s∈S
πs (yQT,s − y∗)2 U8dV
UBM i?2 +m``2Mi +b2- rBi? π1 = π2 = 1/2V- +QM/BiBQM U88V +M #2 r`Bii2M bedN 
2−mm − 4(1−m)
2
m(2 +m(n− 2))︸ ︷︷ ︸
→ 0 r?2M n →∞

σ2QT > σ2bi. U83V
h?2 }`bi i2`K BM i?2 T`2Mi?2bBb Bb i?2 2z2+i Q7 HBKBi2/ /BbT2`bH QM /Bb`mTiBp2 b2H2+iBQM BM i?2 #b2M+2e3y
Q7 FBM b2H2+iBQM Ui?i Bb- mM/2` BM}MBi2 ;`QmT bBx2VX h?Bb i2`K BM+`2b2b rBi? /2+`2bBM; /BbT2`bH- r?B+?e3R
7+BHBii2b /Bb`mTiBp2 b2H2+iBQMX AM/22/- HQr /BbT2`bH BM+`2b2b i?2 T`Q##BHBiv i?i HBM2;2 K2K#2`be3k
2tT2`B2M+2 i?2 bK2 ;`QmT@bT2+B}+ bii2 7pQ`BM; HQ+H /TiiBQMX h?2 b2+QM/ i2`K BM i?2 T`2Mi?2bBbe3j
+Tim`2b i?2 2z2+i Q7 FBM b2H2+iBQMX h?2 #bQHmi2 pHm2 Q7 i?Bb M2;iBp2 i2`K BM+`2b2b rBi? #Qi? /2+`2bBM;e39
/BbT2`bH M/ /2+`2bBM; ;`QmT bBx2- r?B+? BM?B#Bib /Bb`mTiBp2 b2H2+iBQMX h?Bb 2z2+i +M #2 mM/2`biQQ/e38
b 7QHHQrbX HH T?BHQTi`B+ QzbT`BM; rBi?BM  ;`QmT +QKT2i2 rBi? 2+? Qi?2` 7Q` i?2 HBKBi2/ MmK#2` Q7e3e
bTQib iQ b2iiH2 rBi?BM  ;`QmTX _2Hi2/M2bb KQM; BM/BpB/mHb rBi?BM  ;`QmT BM+`2b2b rBi? /2+`2bBM;e3d
;`QmT bBx2X h?mb- BM bKHH2` ;`QmTb +QKT2iBM; BM/BpB/mHb `2 KQ`2 HBF2Hv iQ #2 `2Hi2/ rBi? 2+? Qi?2`e33
M/ i?Bb /BKBMBb?2b i?2 #2M2}i Q7 KmiiBQMb BM+`2bBM; /TiiBQM iQ i?2 ;`QmT@bT2+B}+ bii2X h?Bb 2z2+ie3N
#2+QK2b KQ`2 T`QMQmM+2/ rBi? /2+`2bBM; /BbT2`bH bBM+2 i?Bb BM+`2b2b `2Hi2/M2bb rBi?BM ;`QmTb 2p2MeNy
KQ`2X q2 i?2`27Q`2 2tT2+i i?i i?2 bBM;mH` TQBMi y∗ Bb KQ`2 HBF2Hv iQ #2 mMBMp/#H2 7Q` bKHH ;`QmTbeNR
M/ i?Bb Bb BM/22/ r?i r2 Q#b2`p2 BM 6B;m`2 j- 2bT2+BHHv 2pB/2Mi BM TM2H U7VX Ai +M #2 b?QrM i?i i?2eNk
2z2+i Q7 /2+`2bBM; /BbT2`bH QM i?2 }`bi i2`K QM i?2 H27i@?M/ bB/2 Q7 U83V /QKBMi2b i?2 2z2+i QM i?2eNj
b2+QM/ i2`KX h?mb- /2+`2bBM; m BM/22/ 7+BHBii2b /Bb`mTiBp2 b2H2+iBQM b BHHmbi`i2/ BM 6B;m`2 jU#@7VXeN9
k8
AM i?2 HBKBi Q7 m = 0 M/ m = 1 i?2 +QM/BiBQM 7Q` i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi #2BM; TQbBiBp2eN8
U83V #2+QK2beNe 

(1 + n)σ2op > σ
2
st r?2M m→ 0
σ2op > σ
2
st r?2M m = 1.
U8NV
h?mb- i p2`v HQr /BbT2`bH i?2 bBM;mH` TQBMi +?M;2b 7`QK #2BM; mMBMp/#H2 iQ BMp/#H2 r?2M ;`QmTeNd
bBx2 2t+22/b n = (σ2st − σ2op)/σ2op Ub +M #2 b22M BM 6B;m`2 jU7V r?2`2 i?2 #QmM/`v #2ir22M *aa M/eN3
#`M+?BM; TQBMi 7Q` p2`v HQr m Q++m`b i n = 4VX i +QKTH2i2 /BbT2`bH- i?2 bBM;mH` TQBMi Bb mMBMp/#H2eNN
7Q` σ2op < σ2st M/ BMp/#H2 Qi?2`rBb2X 6BMHHv- i?2 bBM;mH` bi`i2;v Bb KQ`2 HBF2Hv iQ #2 mM/2` bi#BHBxBM;dyy
b2H2+iBQM i?2 H`;2` i?2 `iBQ σ2st/σ2op- b Bb +H2`Hv BHHmbi`i2/ BM 6B;m`2 jU@7VXdyR
 bBM;mH` TQBMi i r?B+? b2H2+iBQM Bb /Bb`mTiBp2 Bb M 2pQHmiBQM`v #`M+?BM; TQBMi B7 Bi Bb HbQdyk
+QMp2`;2M+2 bi#H2X am#biBimiBM; 2[XU93V mM/2` HH K2MiBQM2/ bbmKTiBQMb BMiQ 2[XURNV r2 Q#iBM 7i2`dyj
`2``M;2K2Mib i?i y∗ = 0 Bb +QMp2`;2M+2 bi#H2 B7dy9 
2−m− (1−m)2(1−m+ (1 +m)n)(1 +m(n− 1))(1−m+ n)︸ ︷︷ ︸
→ 0 r?2M n →∞

σ2op < σ2st UeyV
M/ `2T2HHBM; Qi?2`rBb2X 6`QK BMbT2+iBM; i?2 H27i@?M/ bB/2 Q7 i?Bb +QM/BiBQM- i?2 +Q2{+B2Mi Q7 σ2op Bb dy8
mMBKQ/H 7mM+iBQM Q7 m M/ iF2b i?2 KBMBKmK pHm2 1 i m = 0, 1 M/ i?2 KtBKmK idye
m =
√
1 + n
n+
√
1 + n
UeRV
7Q` Mv }t2/ nX h?2`27Q`2- Bi Bb +H2` i?i σ2op < σ2st Bb  M2+2bb`v #mi MQi bm{+B2Mi +QM/BiBQM 7Q`dyd
+QMp2`;2M+2 bi#BHBivX JQ`2 ;2M2`HHv- BM+`2bBM; σ2st `2HiBp2 iQ σ2op BM+`2b2b i?2 bT+2 BM i?2 (m,n)@THM2dy3
7Q` r?B+? i?2 bBM;mH` TQBMi Bb +QMp2`;2M+2 bi#H2 U+7X 6B;m`2 jU@7VVX AM b2+iBQM \\ BM i?2 amTTH2K2Mi`vdyN
Ji2`BH r2 b?Qr i?i 2σ2op < σ2st Bb  bm{+B2Mi +QM/BiBQM 7Q` +QMp2`;2M+2 bi#BHBiv U+7X 6B;m`2 jU2@7VVXdRy
AMi2`2biBM;Hv- 7`QK i?2 mMBKQ/HBiv #Qp2- i?2 bBM;mH` TQBMi +M #2 `2T2HHBM; 7Q` BMi2`K2/Bi2 pHm2b Q7dRR
m b +M #2 b22M BM 6B;m`2 jU#@/VX 6Q` H`;2 ;`QmT bBx2- +QM/BiBQM UeyV #2+QK2b (2 −m)σ2op < σ2st M/dRk
i?2`27Q`2 +QMp2`;2M+2 bi#BHBiv +?M;2b i m = 2 − (σ2st/σ2op)- r?B+? +QBM+B/2b p2`v r2HH rBi? r?2`2 i?2dRj
bBM;mH` TQBMi im`Mb 7`QK +QMp2`;2M+2 bi#H2 iQ `2T2HHBM; i ;`QmT bBx2 n = 100 BM 6B;m`2 jU#@/VX 6Q` i?2dR9
2z2+i Q7 ;`QmT bBx2 n QM +QMp2`;2M+2 bi#BHBiv- i?2 +Q2{+B2Mi Q7 σ2op BM +QM/BiBQM UeyV Bb- 7Q` Mv }t2/dR8
0 < m < 1- M BM+`2bBM; 7mM+iBQM Q7 nX h?mb- bKHH2` ;`QmT bBx2b `2 KQ`2 7pQ`#H2 7Q` +QMp2`;2M+2dRe
bi#BHBiv Q7 i?2 bBM;mH` TQBMi y∗ = 0XdRd
M BKK2/Bi2 +QM+HmbBQM 7`QK i?2b2 Q#b2`piBQMb Bb i?i 7Q` m = 1 2pQHmiBQM`v #`M+?BM; /Q2b MQidR3
Q++m` mM/2` ?`/ b2H2+iBQM UrBi? 72+mM/Biv ;Bp2M #v 2[XU8jVVX h?Bb Bb bQ #2+mb2 7Q` m = 1 +QKT2iBiBQMdRN
Bb ;HQ#H M/ /Q2b MQi Q++m` #2ir22M BM/BpB/mHb rBi?BM  ;`QmTX h?Bb `2KQp2b Mv 7`2[m2M+v@/2T2M/2Midky
b2H2+iBQM 2z2+iX AM/22/- mM/2` Qm` bbmKTiBQMb b2iiBM;m = 1 UM/ p = 1V BM 2[XU98V M/ 2[XU9eV `2bmHibdkR
BM wT`1,s|s(z1, z−{1}, z) = 0 M/ w/`1,s′|s(z1, z−{1}, z) = πs′ns′fs(z1)/I?`/(z) 7Q` HH s′ M/ sX h?mb- i?2`2dkk
Bb MQ HQM;2` Mv bii2 bT2+B}+ 7`2[m2M+v@/2T2M/2M+2- bBM+2 I?`/(z) Bb +QKKQM iQ HH }iM2bb 7mM+iBQMbXdkj
AM i?Bb +b2- i?2 bBM;mH` TQBMi Bb #Qi? +QMp2`;2M+2 bi#H2 M/ mMBMp/#H2 B7 σ2op < σ2st M/ #Qi?dk9
`2T2HHBM; M/ BMp/#H2 B7 σ2op > σ2stX h?Bb Bb BM ;`22K2Mi rBi? i?2 r2HH@FMQrM }M/BM; i?i mM/2` ?`/dk8
b2H2+iBQM M/ +QKTH2i2 /BbT2`bH b2H2+iBQM Bb 7`2[m2M+v@BM/2T2M/2Mi M/ /TiBp2 TQHvKQ`T?BbK +MMQidke
ke
#2 KBMiBM2/ #v bTiBH ?2i2`Q;2M2Biv HQM2 U.2KTbi2`- RN88c _pB;Mû- kyy9c _pB;Mû 2i HX- kyyNcdkd
.û#``2 M/ :M/QM- kyRRVXdk3
9XjXk aQ7i b2H2+iBQMdkN
AMb2`iBM; 2[bXU98#V M/ U9e#V BMiQ 2[bXUj3#V M/ Uj3+V- `2bT2+iBp2Hv- r2 b?Qr BM b2+iBQM \\ BM i?2 amT@djy
TH2K2Mi`v Ji2`BH i?i i?2 b2H2+iBQM ;`/B2Mi 7Q` i?2 bQ7i b2H2+iBQM HQii2`v KQ/2H BbdjR
ρ(1) ∝
∑
s∈S
πsnspsms
ds,bQ7i
{
∂fs
∂z1
fs
+ r
(0)
2 (s)(ns − 1)
∂fs
∂z2
fs
− r(0)2,_(s)
(
∂fs
∂z1
fs
+ (ns − 1)
∂fs
∂z2
fs
)}
, UekV
r?2`2 i?2 TQbBiBp2 T`QTQ`iBQMHBiv +QMbiMi Bb TQbBiBp2 UM/ ;Bp2M #v i?2 BMp2`b2 Q7 2[XU\\VV M/djk
ds,bQ7i ≡ IbQ7i
(1−ms)ns + IbQ7i UejV
Bb i?2 #+Fr`/ KB;`iBQM `i2 7`QK ;`QmTb BM ?#Bii s mM/2` M2mi`HBivX AM +QMi`bi iQ i?2 +b2 Q7 ?`/djj
b2H2+iBQM- 2[XUejV Bb BM/2T2M/2Mi Q7 yX SB`rBb2 `2Hi2/M2bb mM/2` M2mi`HBiv r(0)2 (s) iF2b i?2 bK2 7Q`Kdj9
b BM 2[XU8RV r?2`2 HH ds,?`/ ?p2 iQ #2 `2TH+2/ rBi? ds,bQ7iX h?2 F2v /Bz2`2M+2 #2ir22M 2[XU93V M/dj8
2[XUekV Bb i?i mM/2` bQ7i b2H2+iBQM i?2 +QKT2iBiBQM i2`K Bb H`;2` i?M mM/2` ?`/ b2H2+iBQM #2+mb2 i?2dje
r2B;?iBM; #v i?2 #+Fr`/ /BbT2`bH T`Q##BHBiv ?b /BbTT2`2/ BM i?2 Hii2` +b2X h?Bb `2~2+ib i?2 7+idjd
i?i mM/2` bQ7i b2H2+iBQM /2MbBiv `2;mHiBQM Q++m`b #27Q`2 /BbT2`bHX ;BM- 2[XUekV Bb  ;2M2`HBxiBQM Q7dj3
T`2pBQmb `2bmHib b /2iBH2/ BM b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHXdjN
aBKBH`Hv- BMb2`iBM; 2[bXU98#V M/ U9e#V BMiQ 2[bXUj3#V M/ Uj3+V- `2bT2+iBp2Hv- M/ mbBM; i?2b2 BMd9y
2[XUj9V- r2 Q#iBM  ;2M2`H 2tT`2bbBQM 7Q` i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi ρ(2) mM/2` bQ7i b2H2+iBQMXd9R
b rb i?2 +b2 7Q` ?`/ b2H2+iBQM- i?2 `2bmHiBM; 2tT`2bbBQM +M #2 mb27mH 7Q` MmK2`B+H +H+mHiBQMb- #mid9k
Bb iQQ H2M;i?v iQ #2 T`2b2Mi2/ ?2`2 M/ r2 `272` iQ b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH 7Q` /2iBHbXd9j
S`HH2HBM; i?2 MHvbBb mM/2` ?`/ b2H2+iBQM- r2 bbmK2  JQ`M T`Q+2bb UBX2X- γs ∼ 1V M/ i?i i?2d99
72+mM/Biv Q7 /mHi BM/BpB/mHb /2T2M/b QMHv QM i?2B` QrM T?2MQivT2 Ufs(z1, z−{1}, z) = fs(z1)VX lM/2`d98
i?2b2 bbmKTiBQMb r2 b?Qr BM b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH i?id9e
ρ(2) ∝
∑
s∈S
πsnspsms
ds,bQ7i

X1,s,bQ7i
/2fs/z2
1
fs
+X2,s,bQ7i
( /fs/z1
fs
)2
 , Ue9V
r?2`2 i?2 TQbBiBp2 T`QTQ`iBQMHBiv +QMbiMi Bb i?2 bK2 b BM 2[XUekV- M/d9d
X1,s,bQ7i =
1
2
ds,bQ7i(ns − 1)
1 + ds,bQ7i(ns − 1) (≥ 0) Ue9#V
X2,s,bQ7i =
ds,bQ7i(ns − 1){ds,bQ7i(1− ds,bQ7i)(ns − 1)(ns − 2)− 2ds,bQ7i(ns − 1) + (ns − 2)}
{2 + ds,bQ7i(ns − 2)}{1 + ds,bQ7i(ns − 1)}2 . Ue9+V
h?2 `iBQ Q7 i?2b2 r2B;?ib- X2,s,bQ7i/X1,s,bQ7i- b?Qrb [mHBiiBp2Hv i?2 bK2 #2?pBQ` b i?2 +Q``2bTQM/BM;d93
2tT`2bbBQMb mM/2` ?`/ b2H2+iBQM U2[bXU8k#V M/ U8k+VV rBi? `2bT2+i iQ +?M;2b BM ds,bQ7i M/ nsX >Qr2p2`-d9N
 MQi#H2 /Bz2`2M+2 7`QK i?2 ?`/ b2H2+iBQM +b2 Bb i?i X2,s,bQ7i UM/ ?2M+2 i?2 `iBQ- X2,s,bQ7i/X1,s,bQ7iVd8y
+M #2 M2;iBp2 7Q` bKHH ns M/ H`;2 dsX q2 }MHHv MQi2 i?i- b rb i?2 +b2 7Q` 2[XU8kV- i?2 7mM+iBQMHd8R
7Q`K Q7 2[XUe9V ?QH/b #2vQM/ i?2 JQ`M T`Q+2bb- T`QpB/2/ HH Qi?2` bbmKTiBQMb `2 i?2 bK2Xd8k
lM/2` i?2 bbmKTiBQM Q7 :mbbBM 72+mM/Biv b2H2+iBQM U2[XU8jVV M/ ns = n- ms = m- ps = p = 1d8j
7Q` HH bii2b s- r?B+? 2MiBHb dbQ7i = m- r2 ;BM Q#iBM  7mHHv rQ`F2/ 2tKTH2X h?2 pHm2 y∗ 7Q` i?2d89
kd
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6B;m`2 j, "B7m`+iBQM /B;`Kb 7Q` i?2 bBM;mH` TQBMi y∗ = 0 b  7mM+iBQM Q7 i?2 KB;`iBQM `i2 m
Ut@tBbV M/ ;`QmT bBx2 n Uv@tBbV 7Q` bBt /Bz2`2Mi pHm2b Q7 i?2 rBi?BM ;`QmT b2H2+iBQM T`K2i2` σ2stUb22 2[XU8jVVX U@7V >`/ b2H2+iBQM- U;@HV bQ7i b2H2+iBQMX Sm`TH2, 2pQHmiBQM`v `2T2HHQ`- #Hm2, 2pQHmiBQM`v
#`M+?BM; TQBMi- r?Bi2, mMBMp/#H2 M/ +QMp2`;2M+2 bi#H2 bBM;mH` TQBMi- BX2X- +QMiBMmQmbHv bi#H2
bi`i2;v U*aaVX Pi?2` T`K2i2` pHm2b, yop,1 = 1 = −yop,2 UBKTHvBM; σ2op = 1VX
k3
bBM;mH` bi`i2;v Bb ;Bp2M #v i?2 p2`;2 ?#Bii QTiBKmK-d88
y∗ =
∑
s∈S
πsyQT,s Ue8V
Ub2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BHVX 6m`i?2`KQ`2- i?2 +Q2{+B2Mi Q7 /Bb`mTiBp2 b2H2+iBQM Bb TQbBiBp2d8e
B7 M/ QMHv B7d8d 
2−mm − 4 + 2m (2−m) (n− 2)m(2 +m(n− 2))(1 +m(n− 1))︸ ︷︷ ︸
→ 0 r?2M n →∞

σ2QT > σ2bi, UeeV
r?2`2 σ2QT Bb i?2 p`BM+2 BM i?2 ?#Bii QTiBK /2}M2/ #v 2[XU8dVX LQi2 i?i +QM/BiBQM UeeV Bb pHB/ QMHvd83
7Q` n ≥ 2 U#2+mb2 Qi?2`rBb2 2[bXUe9#V M/ Ue9+V 2pHmi2 iQ x2`QVX h?2 irQ i2`Kb BM T`2Mi?2bBb QM i?2d8N
H27i@?M/ bB/2 Q7 +QM/BiBQM UeeV ?p2 i?2 bK2 BMi2`T`2iiBQM b i?2 +Q``2bTQM/BM; i2`Kb BM +QM/BiBQM U83Vdey
7Q` i?2 +b2 Q7 ?`/ b2H2+iBQM M/ i?2v `2bTQM/ BM i?2 bK2 /B`2+iBQM rBi? `2bT2+i iQ +?M;2b BM /BbT2`bHdeR
m M/ ;`QmT bBx2 nX AM i?2 HBKBi Q7 BM}MBi2Hv H`;2 ;`QmT bBx2 Un→∞V i?2 b2+QM/ i2`K pMBb?2b M/ r2dek
`2+Qp2` 2[XU*XR8V Q7 ap`/H 2i HX UkyR8VXdej
AM b2+iBQM \\ BM i?2 amTTH2K2Mi`v Ji2`BH- r2 b?Qr i?i y∗ b ;Bp2M #v 2[XUe8V Bb +QMp2`;2M+2 bi#H2de9
7Q` Mv pHm2 Q7 σ2bi M/ σ2QT M/ BM/2T2M/2Mi Q7 ;`QmT bBx2 n M/ /BbT2`bH T`Q##BHBiv mX h?mb- i?2de8
bBM;mH` TQBMi Bb M 2pQHmiBQM`v #`M+?BM; TQBMi r?2M Bi Bb BMp/#H2 M/ M 2M/TQBMi Q7 i?2 2pQHmiBQM`vdee
/vMKB+b U+QMiBMmQmbHv bi#H2 bi`i2;v- *aaV r?2M mMBMp/#H2X 6Q` i?2 bT2+BH +b2 Q7 QMHv irQ ?#Biibded
rBi? yQT,1 = 1 = −yQT,2- 6B;m`2 j b?Qrb ?Qr n- m M/ σ2bi /2i2`KBM2 r?2i?2` y∗ = 0 Bb  #`M+?BM;de3
TQBMi Q`  *aaX AM bmKK`v- bi`QM;2` b2H2+iBQM UbKHH2` pHm2b Q7 σ2biV- HQr2` KB;`iBQM M/ H`;2` ;`QmTbdeN
7pQ` /TiBp2 /Bp2`bB}+iBQM i M 2pQHmiBQM`v #`M+?BM; TQBMiXddy
8 .Bb+mbbBQMddR
h?2 KBM `2bmHi Q7 i?Bb TT2` Bb M 2tT`2bbBQM 7Q` i?2 /Bb`mTiBp2 b2H2+iBQM +Q2{+B2Mi ρ(2) BM ?2i2`Q;2M2Qmbddk
;`QmT@bi`m+im`2/ TQTmHiBQMb U2[XUj9VVX q2 b?Qr i?i ρ(2) /2T2M/b QM i?`22 ivT2b Q7 /Bz2`2MiBHb, UV i?2ddj
}`bi@ M/ b2+QM/@Q`/2` T2`im`#iBQMb Q7 i?2 2tT2+i2/ MmK#2` Q7 QzbT`BM; BM /Bz2`2Mi bii2b T`Q/m+2/ #vdd9
M BM/BpB/mH BM  ;Bp2M bii2- U#V i?2 }`bi@Q`/2` T2`im`#iBQM Q7 i?2 T`Q##BHBiv i?i M BM/BpB/mH Bb BM i?2dd8
/Bz2`2Mi bii2b- M/ U+V i?2 }`bi@Q`/2` T2`im`#iBQM Q7 i?2 T`Q##BHBiv i?i  `M/QKHv bKTH2/ M2B;?#Q`dde
Q7 M BM/BpB/mH +``B2b HH2H2b B/2MiB+H #v /2b+2Mi UT2`im`#iBQM Q7 `2Hi2/M2bbVX h?2b2 /Bz2`2MiBHbddd
/2T2M/ QM M/ `2 r2B;?i2/ #v i?`22 [mMiBiB2b 2pHmi2/ mM/2` M2mi`HBiv, UBV i?2 `2T`Q/m+iBp2 pHm2bdd3
v(0)(s) Q7 BM/BpB/mHb BM bii2 s- UBBV i?2 TB`rBb2 M/ i?`22@rv `2Hi2/M2bb +Q2{+B2Mib r(0)2 (s) M/ r(0)3 (s)ddN
BM bii2 s- M/ UBBBV i?2 T`Q##BHBiv q(0)(s) i?i  `M/QKHv bKTH2/ BM/BpB/mH `2bB/2b BM  ;`QmT BM bii2d3y
sXd3R
i  +QM+2TimH H2p2H- Qm` `2bmHib #Qmi i?2 +QKTQM2Mib Q7 ρ(2) +M #2 i?Qm;?i Q7 b  /B`2+i 2ti2MbBQMd3k
Q7 i?2 `2bmHi i?i i?2 i?`22 ivT2b Q7 M2mi`H r2B;?ib Ĝ `2T`Q/m+iBp2 pHm2b- `2Hi2/M2bb2b- M/ T`Q##BHBiB2bd3j
Q7 Q++m``2M+2 BM bii2 s Ĝ `2 M22/2/ iQ 2pHmi2 i?2 b2H2+iBQM ;`/B2Mi ρ(1) 7Q` [mMiBiiBp2 i`Bib BM ;`QmT@d39
bi`m+im`2/ TQTmHiBQMb UhvHQ` M/ 6`MF- RNNec 6`MF- RNN3c _Qmbb2i- kyy9VX HH i?2 #Qp2 K2MiBQM2/d38
/Bz2`2MiBHb M/ i?2B` r2B;?ib +M #2 Q#iBM2/ #v bQHpBM; bvbi2Kb Q7 HBM2` 2[miBQMb i?i `2 i KQbid3e
Q7 /BK2MbBQM N - BX2X- i?2 MmK#2` Q7 bii2b ;`QmTb +M #2 BMX h?Bb `2T`2b2Mib  bB;MB}+Mi `2/m+iBQMd3d
kN
+QKT`2/ iQ i?2 /BK2MbBQM Q7 i?2 bii2 bT+2 Q7 i?2 Q`B;BMH 2pQHmiBQM`v T`Q+2bb- r?B+? Bb 2[mH iQ i?2d33
/BK2MbBQM Q7 i?2 KmiMi i`MbBiBQM Ki`Bt AXd3N
 /BbiBM+iBp2 M/ MQp2H 72im`2 Q7 Qm` MHvbBb Bb i?2 BMi`Q/m+iBQM Q7 i?2 +QM+2Ti Q7 BM/BpB/mH k@dNy
}iM2bb- wk(s′|s, i)- r?B+? /2b+`B#2b i?2 2tT2+i2/ MmK#2` Q7 /2b+2M/Mib Q7  KmiMi BM M (s, i) ;`QmTdNR
UTQbbB#Hv BM+Hm/BM; b2H7 i?`Qm;? bm`pBpHV i?i b2iiH2 BM bii2@s′ ;`QmTb M/ ?p2 k− 1 `M/QKHv bKTH2/dNk
M2B;?#Q`b i?i `2 HbQ KmiMib UBX2X- i?i /2b+2M/ 7`QK i?2 bK2 +QKKQM M+2biQ`VX AM i?2 +QMi2ti Q7dNj
Qm` T2`im`#iBQM MHvbBb- r2 b?Qr i?i wk(s′|s, i) +M #2 i?2Kb2Hp2b 2tT`2bb2/ BM i2`Kb Q7 BM/BpB/mHdN9
k@}iM2bb 7mM+iBQMb 7Q` k = 1, 2, 3 r?2`2 BM/BpB/mHb `2 H#2HH2/ b 7Q+H- ;`QmT M2B;?#Q` M/ TQTmHiBQMdN8
K2K#2`- M/ r?B+? `2 bm{+B2Mi iQ 2pHmi2 HH 7Q`2K2MiBQM2/ [mMiBiB2b M/ i?mb ρ(1) M/ ρ(2) Ub22dNe
b2+iBQMb jXkXR@jXjVX h?2b2 Hii2` BM/BpB/mH k@}iM2bb 7mM+iBQMb /Q MQi /2T2M/ QM i?2 KmiMi ivT2 M/dNd
T`QpB/2 7Q` k = 2, 3 i?2 ;2M2`HBxiBQMb Q7 i?2 }iM2bb 7mM+iBQMb 7Q` k = 1 H`2/v BM mb2 BM i?2 /B`2+idN3
}iM2bb K2i?Q/ UhvHQ` M/ 6`MF- RNNec 6`MF- RNN3c _Qmbb2i- kyy9VX h?2v `2 i?mb bm{+B2Mi #BQHQ;B+HdNN
BM;`2/B2Mib iQ /2i2`KBM2 r?2i?2` Q` MQi /Bb`mTiBp2 b2H2+iBQM Q++m`bX AM  r2HH@KBt2/ TQTmHiBQMb BM r?B+?3yy
BM/BpB/mHb /Q MQi BMi2`+i rBi? `2HiBp2b QMHv BM/BpB/mH R@}iM2bb 7mM+iBQMb `2 `2[mB`2/ iQ 2pHmi2 ρ(1)3yR
M/ ρ(2)X AM/BpB/mH k@ M/ j@}iM2bb2b /2b+`B#2 i?2 TQbbB#BHBiv i?i mM/2` HBKBi2/ /BbT2`bH i?2 QzbT`BM;3yk
Q7  ;Bp2M T`2Mi +M ?p2 M2B;?#Q`b U?2`2 QM2 Q` irQV i?i #2HQM; iQ i?2 bK2 HBM2;2 M/ `2 i?mb3yj
KQ`2 HBF2Hv iQ ?p2 i?2 bK2 i`Bi pHm2 i?M `M/QKHv bKTH2/ BM/BpB/mHb 7`QK i?2 TQTmHiBQMX h?Bb3y9
+mb2b MQM@`M/QK KmiMi@KmiMi BMi2`+iBQMb- r?B+? Bb r2HH FMQrM iQ +`BiB+HHv z2+i i?2 Mim`2 Q73y8
b2H2+iBQM QM i`Bib z2+iBM; QrM M/ Qi?2`bǶ `2T`Q/m+iBQM M/ bm`pBpH U>KBHiQM- RNe9c JB+?Q/- RN3kc3ye
6`MF- RNN3c _Qmbb2i- kyy9VX "2+mb2 i?2 BM/BpB/mH k@}iM2bb2b /2b+`B#2 ;`QmT +QM};m`iBQMb BM r?B+?3yd
QzbT`BM; ?p2 M2B;?#Q`b i?i #2HQM; iQ i?2 bK2 HBM2;2- i?2 M+2bi`H HBM2;2b Q7 i?2 k BMi2`+iBM;3y3
BM/BpB/mHb Kmbi +QH2b+2 BM  +QKKQM M+2biQ`- M/ i?Bb +M Q++m` QMHv B7 i?2`2 Bb  MQM@x2`Q T`Q##BHBiv3yN
i?i i H2bi irQ BM/BpB/mHb /2b+2M/ 7`QK i?2 bK2 T`2Mi Qp2`  ;2M2`iBQM Ub22 b2+iBQM \\ BM i?23Ry
amTTH2K2Mi`v Ji2`BH 7Q` i?2 +QMM2+iBQM iQ +QH2b+2M+2 i?2Q`vVX L2mi`H `2Hi2/M2bb BM 2pQHmiBQM`v3RR
KQ/2Hb Bb BM/22/ mbmHHv +QKTmi2/ #v mbBM; +QH2b+2M+2 `;mK2Mib M/ i?mb mb2  ǳ#+Fr`/Ǵ T2`bT2+iBp23Rk
QM HH2H2 i`MbKBbbBQM U2X;X hvHQ` M/ 6`MF- RNNec 6`MF- RNN3c _Qmbb2i- kyy9VX h?Bb Kv bQK2r?i3Rj
/Bb+QMM2+i `2Hi2/M2bb 7`QK i?2 ǳ7Q`r`/Ǵ T2`bT2+iBp2 Q7 HH2H2 i`MbKBbbBQM BM/m+2/ #v `2T`Q/m+iBQMX3R9
lbBM; BM/BpB/mH k@}iM2bb2b iQ 2pHmi2 `2Hi2/M2bb Ub22 2[XUjjVV #`BM;b mT7`QMi i?2 +QMM2+iBQM #2ir22M3R8
`2Hi2/M2bb M/ `2T`Q/m+iBQM UMQi2 i?i i?2 ǳ#+Fr`/Ǵ TT`Q+? Kv M2p2`i?2H2bb #2 KQ`2 mb27mH 7Q`3Re
+QM+`2i2 +H+mHiBQMb Q7 `2Hi2/M2bbVX3Rd
b M TTHB+iBQM Q7 Qm` `2bmHib- r2 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i+? p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Hi`mBbiB+ i`BibX h?2Q`2iB+H SQTmHiBQM3dk
"BQHQ;v RR,k83ĜkddX3dj
6`MF- aX X RNN3X 6QmM/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- M/ CX X CX J2ixX RNN3X 1pQHmiBQM`BHv bBM;mH` bi`i2;B2b M/3d8
i?2 /TiBp2 ;`Qri? M/ #`M+?BM; Q7 i?2 2pQHmiBQM`v i`22X 1pQHmiBQM`v 1+QHQ;v Rk,j8Ĝ8dX3de
:`72M- X RN38X  ;2QK2i`B+ pB2r Q7 `2Hi2/M2bbX Pt7Q`/ bm`p2vb BM 2pQHmiBQM`v #BQHQ;v k,k3Ĝ3NX3dd
ěěěX RNNRX JQ/2HBM; BM #2?pBQm`H 2+QHQ;vX S;2b 8ĜjR BM CX _X E`2#b M/ LX .pB2b- 2/bX "2?pBQm`H3d3
1+QHQ;vX "H+Fr2HH a+B2MiB}+ Sm#HB+iBQMb- Pt7Q`/X3dN
:`2v- .X- oX >mibQM- M/ 1X axi?K`vX RNN8X  `2@2tKBMiBQM Q7 i?2 biQ+?biB+ +Q``2+iQ` KQ/2HX33y
S`Q+22/BM;b Q7 i?2 _QvH aQ+B2iv GQM/QM " kek,kNĜj8X33R
>KBHiQM- qX .X RNe9X h?2 2pQHmiBQM Q7 bQ+BH #2?pBQ`X CQm`MH Q7 h?2Q`2iB+H "BQHQ;v d,RĜReX33k
>``Bb- hX 1X RNejX h?2 h?2Q`v Q7 "`M+?BM; S`Q+2bb2bX aT`BM;2`@o2`H; "2`HBM >2B/2H#2`;X33j
E`HBM- aX- M/ >X JX hvHQ`X RNd8X  6B`bi *Qm`b2 BM aiQ+?biB+ S`Q+2bb2bX +/2KB+ S`2bb- aM .B2;QX339
EBb/B- 1X kyReX .BbT2`bH TQHvKQ`T?BbK BM bi#H2 ?#BiibX CQm`MH Q7 h?2Q`2iB+H "BQHQ;v jNk,eNĜ3kX338
GM/2- _X- M/ aX CX `MQH/X RN3jX h?2 K2bm`2K2Mi Q7 b2H2+iBQM QM +Q``2Hi2/ +?`+2`bX 1pQHmiBQM33e
jd,RkRyĜRkkeX33d
G2?KMM- GX- *X JmHHQM- 1X F+v- M/ CX oM *H2p2X kyReX AMpbBQM }iM2bb- BM+HmbBp2 }iM2bb- M/333
`2T`Q/m+iBp2 MmK#2`b BM ?2i2`Q;2M2Qmb TQTmHiBQMbX 1pQHmiBQM dy,Re3NĜRdykX33N
jk
G2?KMM- GX- M/ 6X _Qmbb2iX kyRyX >Qr HB72@?BbiQ`v M/ /2KQ;`T?v T`QKQi2 Q` BM?B#Bi i?2 2pQHmiBQM3Ny
Q7 ?2HTBM; #2?pBQ`bX S?BHQbQT?B+H h`Mb+iBQMb Q7 i?2 _QvH aQ+B2iv " je8,k8NNĜkeRdX3NR
JbbQH- 6X- M/ 6X .û#``2X kyR8X 1pQHmiBQM Q7 /BbT2`bH BM bTiBHHv M/ i2KTQ`HHv p`B#H2 2MpB`QM@3Nk
K2Mib, h?2 BKTQ`iM+2 Q7 HB72 +v+H2bX 1pQHmHiBQM eN,RNk8ĜRNjdX3Nj
JbbQH- 6X- X .mTmiBĕ- SX .pB/- M/ SX C`M2X kyRRX bvKK2i`B+ Ti+? bBx2 /Bbi`B#miBQM H2/b iQ3N9
/Bb`mTiBp2 b2H2+iBQM QM /BbT2`bHX 1pQHmiBQM e8,9NyĜ8yyX3N8
J2ix- CX X CX- aX X >X :2`Bix- :X J2bxûM- 6X CX X C+Q#b- M/ CX aX oM >22`r`/2MX RNNeX /TiBp23Ne
/vMKB+b,  ;2QK2i`B+H bim/v Q7 i?2 +QMb2[m2M+2b Q7 M2`Hv 7Bi?7mH `2T`Q/m+iBQMX S;2b R3jĜkjR3Nd
BM aX pM ai`B2M M/ aX o2`/mvM GmM2H- 2/bX aiQ+?biB+ M/ bTiBH bi`m+im`2b Q7 /vMKB+H bvbi2Kb-3N3
S`Q+22/BM;b Q7 i?2 _QvH .mi+? +/2Kv Q7 a+B2M+2X LQ`i? >QHHM/- .Q`/`2+?i- L2i?2`HM/bc pBH#H23NN
i ?iiT,ffTm`2XBBbX+XifB/f2T`BMif99NdfXNyy
J2ix- CX X CX- M/ JX :vHH2M#2`;X kyyRX >Qr b?QmH/ r2 /2}M2 }iM2bb BM bi`m+im`2/ K2iTQTmHiBQM KQ/@NyR
2Hb\ BM+Hm/BM; M TTHB+iBQM iQ i?2 +H+mHiBQM Q7 2pQHmiBQM`v bi#H2 /BbT2`bH bi`i2;B2bX S`Q+22/BM;bNyk
Q7 i?2 _QvH aQ+B2iv Q7 GQM/QM- " ke3,9NNĜ8y3XNyj
JB+?Q/- _X 1X RN3kX h?2 i?2Q`v Q7 FBM b2H2+iBQMX MMmH _2pB2r Q7 1+QHQ;v M/ avbi2KiB+b Rj,kjĜ88XNy9
JmHHQM- *X- GX E2HH2`- M/ GX G2?KMMX kyReX 1pQHmiBQM`v bi#BHBiv Q7 DQBMiHv 2pQHpBM; i`Bib BM bm#/B@Ny8
pB/2/ TQTmHiBQMbX h?2 K2`B+M Lim`HBbi R33,Rd8ĜRN8XNye
JmHHQM- *X- M/ GX G2?KMMX kyR3X 1+Q@2pQHmiBQM`v /vMKB+b BM K2i+QKKmMBiB2b, 2+QHQ;B+H BM?2`B@Nyd
iM+2- ?2HTBM; rBi?BM bT2+B2b- M/ ?`KBM; #2ir22M bT2+B2bX K2`B+M Lim`HBbi RNk,ee9Ĝe38XNy3
P?ibmFB- >X kyRyX 1pQHmiBQM`v ;K2b BM q`B;?iǶb BbHM/ KQ/2H, FBM b2H2+iBQM K22ib 2pQHmiBQM`v ;K2NyN
i?2Q`vX 1pQHmiBQM e9,jj99Ĝ8jXNRy
S`F2`- :X X- M/ CX JvM`/ aKBi?X RNNyX PTiBKHBiv i?2Q`v BM 2pQHmiBQM`v #BQHQ;vX Lim`2 j93,kdĜjjXNRR
S`pBM2M- EX- >X P?ibmFB- M/ CX uX qFMQX kyRdX h?2 2z2+i Q7 72+mM/Biv /2`BpiBp2b QM i?2 +QM/BiBQMNRk
Q7 2pQHmiBQM`v #`M+?BM; BM bTiBH KQ/2HbX CQm`MH Q7 h?2Q`2iB+H "BQHQ;v 9Re,RkNĜR9jXNRj
ěěěX kyR3X aTiBH ?2i2`Q;2M2Biv M/ 2pQHmiBQM Q7 72+mM/Biv@z2+iBM; i`BibX CQm`MH Q7 h?2Q`2iB+HNR9
"BQHQ;v 989,RNyĜky9XNR8
ěěěX kykyX 1pQHmiBQM Q7 /BbT2`bH BM  bTiBHHv ?2i2`Q;2M2Qmb TQTmHiBQM rBi? }MBi2 Ti+? bBx2bXNRe
S`Q+22/BM;b Q7 i?2 LiBQM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i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iBQM "BQHQ;v e8,RkdĜR9RXNjk
_m2|2`- *X- CX X CX J2ix- M/ hX CX JX oM .QQ`2MX kyRjX q?i HB72 +v+H2 ;`T?b +M i2HH #Qmi i?2Njj
2pQHmiBQM Q7 HB72 ?BbiQ`B2bX CQm`MH Q7 Ji?2KiB+H "BQHQ;v ee,kk8ĜkdNXNj9
_m2|2`- *X- hX CX JX oM .QQ`2M- PX G2BK`- M/ SX X #`KbX kyyeX .Bb`mTiBp2 b2H2+iBQM M/ i?2MNj8
r?i\ h`2M/b BM 1+QHQ;v M/ 1pQHmiBQM kR,kj3Ĝk98XNje
ap`/H- >X- *X _m2|2`- M/ CX >2`KBbbQMX kyR8X  ;2M2`H +QM/BiBQM 7Q` /TiBp2 ;2M2iB+ TQHvKQ`T?BbKNjd
BM i2KTQ`HHv M/ bTiBHHv ?2i2`Q;2M2Qmb 2MpB`QM2KiMbX h?2Q`2iB+H SQTmHiBQM "BQHQ;v NN,deĜNdXNj3
axi?K`v- 1X- M/ GX .2K2i2`X RN3dX :`QmT b2H2+iBQM Q7 2`Hv `2THB+iQ`b M/ i?2 Q`B;BM Q7 HB72X CQm`MHNjN
Q7 h?2Q`2iB+H "BQHQ;v Rk3,9ejĜ93eXN9y
hvHQ`- SX .X RN3NX 1pQHmiBQM`v bi#BHBiv Q7 QM2@T`K2i2` KQ/2Hb mM/2` r2F b2H2+iBQMX h?2Q`2iB+HN9R
SQTmHiBQM "BQHQ;v je,Rk8ĜR9jXN9k
ěěěX RNNyX HH2H2@7`2[m2M+v +?M;2 BM  +Hbb bi`m+im`2/ TQTmHiBQMX h?2 K2`B+M Lim`HBbi Rj8,N8ĜN9j
RyeXN99
hvHQ`- SX .X- M/ aX X 6`MFX RNNeX >Qr iQ KF2  FBM b2H2+iBQM KQ/2HX CQm`MH Q7 h?2Q`2iB+H "BQHQ;vN98
R3y,kdĜjdXN9e
hmHDTm`F`- aX RNNyX SQTmHiBQM .vMKB+b BM p`B#H2 2MpB`QMK2Mib- pQHX 38 Q7 G2+im`2 LQi2b BM "BQKi?@N9d
2KiB+bX aT`BM;2` o2`H;- "2`HBM- :2`KMvXN93
oM *H2p2- CX kyR8X aQ+BH 2pQHmiBQM M/ ;2M2iB+ BMi2`+iBQMb BM i?2 b?Q`i M/ HQM; i2`KX h?2Q`2iB+HN9N
SQTmHiBQM "BQHQ;v Ryj,kĜkeXN8y
qFMQ- CX uX- M/ GX G2?KMMX kyR9X 1pQHmiBQM`v #`M+?BM; BM /2K2@bi`m+im`2/ TQTmHiBQMbX CQm`MHN8R
Q7 h?2Q`2iB+H "BQHQ;v j8R,3jĜN8XN8k
qBH/- :X kyRRX AM+HmbBp2 }iM2bb 7`QK KmHiBivT2 #`M+?BM; T`Q+2bb2bX "mHH2iBM Q7 Ji?2KiB+H "BQHQ;vN8j
dj,Ryk3ĜRy8RXN89
j9
qBH/- :X- X :`/M2`- M/ aX X q2biX kyyNX /TiiBQM M/ i?2 2pQHmiBQM Q7 T`bBi2 pB`mH2M+2 BM N88
+QMM2+i2/ rQ`H/X Lim`2 98N,N3jĜN3eXN8e
qBH/- :X- M/ X h`mHb2MX kyydX h?2 /Bz2`2Mi HBKBib Q7 r2F b2H2+iBQM M/ i?2 2pQHmiBQM`v /vMKB+bN8d
Q7 }MBi2 TQTmHiBQMbX CQm`MH Q7 h?2Q`2iB+H "BQHQ;v k9d,j3kĜjNyXN83
q`B;?i- aX RN9jX AbQHiBQM #v /BbiM+2X :2M2iB+b k3,RR9ĜRj3XN8N
j8
